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Abstract

We study settings where information in the form of Bayesian signals is traded between an expert
seller and a buyer. The main feature of such transactions is that information is costly for the expert
to acquire and cannot be verified by the buyer. We provide a full characterization of the set of all
compensation schemes (viz., menus of acts) which guarantee that the traded signal will be chosen
by the expert. In particular, we show that a menu guarantees the traded signal if and only if it
can be appropriately decomposed into a fixed and a variable compensation. We then show that for
each such menu, the expert’s surplus depends on the fixed compensation, and characterize the lower
bound of the expert’s surplus. In particular, this lower bound is strictly positive. This is true even in
ideal settings for the buyer (e.g., when the buyer has all the strategic power, and a fortiori the fixed
compensation is minimized).
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1. Introduction

While the volume of information being traded has increased dramatically over the past decades, most
economists agree that many standard economic principles and key insights do not extend from markets
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for commodities to markets for information. Thus, novel theories are needed in order to understand
how markets for information function (for a recent overview, see Bergemann and Bonatti, 2019, and
references therein). This discrepancy was noticed already a long time ago by influential economists, but
early discussions focused mostly on differences stemming from information being indivisible and difficult
to appropriate (Arrow, 1962, 1963; Coase, 1974).

We consider settings where a buyer and an expert seller trade a stochastic signal (i.e., a Bayesian exper-
iment). The signal is chosen by the expert — e.g., a consulting firm, investment banker, financial advisor,
data analyst, medical doctor, weather forecaster — who incurs a corresponding cost. This cost may reflect
the cognitive effort, the cost of preparing a methodology, designing the experiment, its implementation and
subsequent analysis. The intricacies of the research involved in these tasks and its dependence on latent
cognitive processes undertaken by the expert make it infeasible for the buyer to verify which experiment
the expert has actually implemented. Moreover, it is easy to imagine situations in which the expert can
misreport the findings of an experiment or misrepresent evidence with little or no threat of being held
accountable for doing so. Hence, in addition to the signal choice being unverifiable, we also assume that
the signal realization (i.e., a posterior distribution) is observed only by the expert, not the buyer.

So, we ask whether, in a transaction for a given signal, we can design a compensation scheme that
guarantees that the expert actually chooses this signal and subsequently truthfully reports its realization.1

Since both the expert’s action (choice of signal) and ensuing information (the signal realization) are hidden
and unverifiable, there is precious little on which to condition payments. A fixed payoff or waiting out
the realization of the true state of nature and making payoffs contingent on that only do not provide the
right incentives,2 and moreover give the expert no means to communicate about the signal realization.
A natural way to address the latter is to introduce a set of messages the expert can send to the buyer.
A message could, for instance, be interpreted as a consultant’s recommendation whether to proceed with
a project, advice on mergers, a prediction about market conditions, or a recommendation to use certain
medical treatment. Similarly to the literature on mechanism design, together with the state of nature,
the messages give a second dimension on which to condition payments.3 Equivalently, for each message
we can look at its associated act or vector of state-contingent payoffs. Such a menu of acts,4 in which the
expert is paid on the basis of how adequate his message turns out to be in the realized state of nature,
gives us exactly enough leeway to solve our incentive problem: the expert can be incentivized to choose a
given signal and the expert’s self-selection of an act (message) reveals its realization.5

Let us now elaborate on our analysis. In accordance with the aforementioned idea that the expert
incurs cognitive costs, we assume that his preferences are rationally inattentive (for recent overviews of

1Our main results also hold if we require the traded signal to be one of perhaps multiple optimal signals, i.e., if we replace
strict with weak incentive compatibility (Section 6.3).

2Bayesian signals are mean-preserving, so the expert would always choose the least costly signal.
3As in our previous footnote, a simpler compensation scheme in which payments are contingent only on the message does

not provide the right incentives: the expert would simply choose the message with the highest associated payoff and the
signal with the lowest cost, regardless of what signal we set out to trade.

4Laffont and Tirole (1986) first introduced menus of contracts in the principal-agent literature. We consciously abstain
from formulating our model as a principal-agent problem, for at least two reasons. Firstly, in the principal-agent literature,
there is typically a rigid market setting: it is the principal who determines on the payment scheme. But as we will discuss
in detail later, our main results apply in a wide range of market characteristics. Secondly, although there are exceptions (cf.
Laffont and Martimort, 2002, Ch. 7), many of the principal-agent papers are of the hidden-info-followed-by-hidden-action
type: the agent learns its type and then chooses its effort, for instance. In our case, the order is exactly the opposite: the
expert first chooses an action (the Bayesian signal), then observes information (a posterior).

5Our benchmark analysis is carried out under some simplifying assumptions: we consider the trade of a single signal,
have a binary state space, no-liability, and a common belief that the buyer will honor all stipulated compensations. All these
assumptions can be relaxed and are only imposed to facilitate a clearer exposition of our main insights. Section 6 contains a
detailed discussion of these relaxations. Also, we focus on one-shot interactions without exogenous reputation concerns that
might alter the expert’s signal choice.
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the rational inattention literature, see Caplin, 2016; Maćkowiak et al., 2018).6 Then, for each given menu,
the expert will face a tradeoff. Namely, each signal will induce an expected benefit (as the choice of an
act from the menu is postponed till after information has been processed and beliefs have been updated)
and a cost (as information processing is costly). Thus, the expert will choose a signal that maximizes the
net expected benefit, i.e., the difference between the two. So, the menu should be designed in a way such
that the desired signal is uniquely optimal.

Our main result characterizes the menus that do so, and moreover guarantee that uniquely optimal
message will reveal the signal realization (Theorem 1). In particular, all contracts in each such menu can
be decomposed into a fixed and a variable component: the fixed component is paid out independently of
the chosen message, while the variable component depends on the message. In fact, all these menus share
the same variable component (i.e., they induce the same incentives), and they differ in the fixed component
(i.e., they split differently the surplus between the buyer and the expert). This suggests that each of these
menus corresponds to different market conditions such as variation in competition, bargaining power.

From this observation, we conclude that the menu with the minimum fixed payment is the cheapest
one that guarantees the signal choice (Proposition 2). The cheapest menu thus corresponds to the lower
bound on the expert’s surplus. We give an explicit characterization of this lower bound (Theorem 2). Not
surprisingly, as a consequence of the no-liability condition, this lower bound is strictly positive. We note
that this observation holds irrespective of specific market characteristics.7 Intuitively, we expect the two
agents to settle for the cheapest possible menu if for instance the underlying market characteristics are
ideal for the buyer, e.g., the buyer makes a take-it-or-leave-it offer to the expert while knowing the expert’s
preferences, and the expert is completely uninformed of the buyer’s preferences. Our result suggests that
even in this worst-case scenario for the expert, the buyer cannot extract the entire total surplus.8

The paper is structured as follows. After surveying related literature in the following subsection, in
Section 2 we present some preliminary concepts related to costly information acquisition. In Section 3 we
introduce our model and present the first main result. Section 4 contains the surplus analysis, including
the second main result. In Section 5 we present some comparative statics of our model. In Section 6 we
discuss some additional topics. All proofs are relegated to the Appendices.

1.1. Related Literature

Two papers closely related to ours are Kashyap and Kovijnykh (2016) and Yoder (2020). Kashyap and
Kovijnykh (2016) analyze a model of a credit rating agency which exerts costly effort in order to acquire
a signal about the quality of a project. As is the case here, the choice of the signal and its realization
are private information of the agency. Moreover, the contracts are contingent both on the rating and the
project’s performance. However, their focus of analysis differs from ours. In particular, they investigate
the optimal contracts for the CRA for situations when the payment is made by the firm whose project is
being analyzed, the investors or a planner. Furthermore, they go on to analyze the effects of these different

6In principle, there may exist additional costs (e.g., operational costs for collecting data or for running the experiment)
that are often quantified with different cost functions. Including such costs would not change the key insights of our analysis,
so it is without loss of generality to disregard those (Section 2.2).

7Throughout the paper, under the term “market characteristics” we bundle the underlying market mechanism (e.g., how
many buyers/experts there are initially, how a buyer and an expert are eventually matched, which parts of the compensation
are contracted, etc.), individual preferences (e.g., cost functions of the different experts, value of information for the different
buyers, etc.), and interactive beliefs about each other’s individual characteristics (e.g., what the buyer thinks about the
expert’s cost function, what the buyer thinks about how the expert evaluates non-contractible compensations, what the
expert thinks about the buyer’s value for information, etc.).

8Moreover, though our formal model focuses primarily on cases where information is sold as an independent good, all our
key insights will also apply to settings where information is bundled together with a subsequent action, as is the case with
credence goods (e.g., when the doctor provides not only the diagnosis but perhaps also the subsequent treatment).
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compensation schemes on the ratings. On the other hand, we begin our analysis by establishing incentive
schemes that are incentive compatible given a particular signal or a set of signals. Our main results, that of
characterization and the lower bound on the expert’s surplus are thus derived from a different optimization
problem.

Yoder (2020) considers the problem of contracting for experiments in binary state space. The expert
exerts costly effort to carry out the experiment. This cost, however, depends on the type of the expert
which is private information. This constitutes a problem of moral hazard and adverse selection. Moreover,
the expert produces hard/verifiable evidence. Allowing for two contracting environments, where the ex-
periment or the outcome of the experiment is contractible, the paper shows that the additional incentive
compatibility constraints are essentially redundant. An important difference in our analysis is that we
show when contracting is contingent on the outcome of the experiment and the realized state, incentive
compatibility can be achieved even in the absence of hard evidence.

Rappoport and Somma (2017) discuss the alternate problem of incentivizing an agent to perform a
costly experiment when the target of the information is a third-party rather than the principal herself.
In the same spirit as that of Yoder (2020), in their model too, the principal can contract on the expert’s
posterior beliefs. Using this they characterize the conditions under which the principal can achieve her first-
best outcome. In particular, they focus on limited-liability, risk-aversion and symmetry within experiments.

This paper can be seen as part of the (ex ante) mechanism design approach to selling/buying infor-
mation. This literature is reviewed by Bergemann and Bonatti (2019, Ch. 3), and more recently by
Bergemann and Ottaviani (2021, Ch. 2). As opposed for instance to markets for data, the main premise
within this literature is that the compensation scheme is set before signals have been realized. Contrary
to our work, most papers within this literature fix at least some market characteristics. For instance,
Bergemann et al. (2018) study a model of a monopolist expert offering a menu of verifiable signals to-
gether with a price for each of them to a principal with private information over his willingness to pay.
Babaioff et al. (2012) study a similar model with two-sided private information. Both these papers also
differ from ours in that information is verifiable. Esö and Szentes (2007) consider a consultant (expert)
who receives a single signal and decides whether to disclose it to the client (principal). Within the same
stream of literature belongs the work of Hörner and Skrzypacz (2016) that considers a principal who is
interested in hiring an expert without knowing his competence, and the expert tries to gradually persuade
the principal that he is of a good type. Related to our work is also the paper of Ali et al. (2020) who
study markets for information with multiple principals who can resell information among themselves at
a later stage. In their benchmark case, they show that the expert can extract strictly positive surplus
from at most one principal. Furthermore, the problem compensating the sale of information has also been
recently studied by Haghpanah et al. (2020). Unlike our work, in their setting information does not have
any instrumental value. Moreover, instead of making compensation state-contingent, they divide it in two
stages, one after the signal has been realized, and one after it has been decided by the principal whether
it will be publicized or not.

Our work also relates to a stream within the marketing literature that focuses on pricing of information.
For instance, Arora and Fosfuri (2005) study pricing of diagnostic information (i.e., information that
allows to predict if a project will be successful or not), and in particular they are interested in the role
of prior beliefs on the value of diagnostic information. In a similar framework, Chang and Lee (1994)
and Iyer and Soberman (2000) study optimal pricing of information provided by a marketing consultant
to a set of principals. The difference between our work and these papers is once again that we remain
agnostic on the underlying market characteristics, unlike all these contributions which specify certain
characteristics (something understandable of course, as they are interested in information acquisition in a
specific marketing context).

Our treatment of the expert’s optimization problem is broadly related to a larger literature on the trade-
off between material payoffs and cognitive costs. The foundations of this tradeoff have been extensively
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studied by Alaoui and Penta (2016, 2020) and Alaoui et al. (2020).
There is also a relation between our paper and a stream within the information design literature

that focuses on applications where information acquisition is delegated by the principal to some third
agent, other than the receiver (Bizzotto et al., 2020). While this setting differs from ours in many central
aspects, the two share an important common feature, namely that the principal wants the expert to acquire
a specific signal.

Our paper is also related – albeit more tangentially – to parts of the contract theory literature on
optimal incentive schemes for acquiring information. Some recent contributions include Zermeño (2011,
2012) which consider a linearly ordered subset of signals that are represented by the expert’s effort,
Carroll (2019) who restricts the set of signals and considers a principal who is maxmin expected utility
maximizer, and Lindbeck and Weibull (2020) who restrict attention to binary menus and entropic costs.
But our mechanism design approach to selling/buying information is very different from the contract theory
literature, for a variety of reasons. First, the latter literature studies the problem of an optimal incentive
scheme from the point of view of the principal, thus implicitly postulating specific market characteristics
(i.e., the principal always makes a take-it-or-leave-it offer as it is often the case in contract theory).
Second, in our work a specific signal is traded, whereas the contract theory literature focuses on the
principal’s optimization problem which determines the equilibrium traded signal and compensation scheme
endogenously. Finally, the menu of contracts which correspond to the menus of acts used in our analysis
have been extensively applied in the literature on procurement and regulation beginning with Laffont and
Tirole (1986).

2. Costly information acquisition

2.1. Bayesian signals

Consider a state space Ω = {ω0, ω1}. A subjective belief over the state space is identified by the probability
µ ∈ [0, 1] of ω1 occurring. Information is acquired by means of Bayesian signals chosen by a risk-neutral
expert, who has a full-support prior belief µpr ∈ (0, 1). Each signal is a mapping from the set of states to
the set of probability measures over a finite set of messages. So we can represent the set of signals as the
set

Π(µpr) :=

{
π ∈ ∆([0, 1]) :

∫ 1

0

µ dπ = µpr and | supp(π)| <∞
}

of distributions π over posteriors that are mean-preserving and have finite support. This last assumption
on the support of signals being finite is imposed without loss of generality for the sake of simplicity, and
it can be dispensed with. Call signal π ∈ Π(µpr):

• completely uninformative if its support is a singleton, assigning probability 1 to the prior µpr;

• binary if there are exactly two posteriors in its support.

Every binary signal π ∈ Π(µpr) is identified by its support: if supp(π) = {µ1, µ2} with µ1 < µ2, then
using that its mean is µpr immediately gives that π(µ1) = µ2−µpr

µ2−µ1 and π(µ2) = µpr−µ1
µ2−µ1 . On the other hand,

for n ≥ 3 distinct posterior values µ1, . . . , µn, there are infinitely many signals in Π(µpr) with support
{µ1, . . . , µn}. The set of all signals across priors is denoted by Π :=

⋃
µ∈[0,1] Π(µ).

As usual, the set of Bayesian signals in Π(µpr) is endowed with the partial Blackwell order, � (Blackwell,
1953): for two signals π, π′ ∈ Π(µpr), we say that π′ is (Blackwell) more informative than π, and write
π′ � π, whenever for every convex function φ : [0, 1] → R it is the case that Eπ′(φ) ≥ Eπ(φ). Intuitively,
π′ � π if and only if the posteriors induced by π′ are more dispersed than the posteriors induced by π.
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So the most informative signal is the one with support {0, 1} and the least informative signal, as its name
suggests, is the completely uninformative one with probability one on the prior.

2.2. Cost of information

Following the literature on rational inattention, the expert’s cost is modelled by the function C : Π→ R+.
The rational inattention literature was initiated by Sims (2003) in the context of macroeconomics, before
attracting attention among microeconomists (Caplin and Dean, 2015; De Oliveira et al., 2017; Ellis, 2018).

In this paper, we assume C to be posterior-separable, i.e., there exists some continuous and strictly
concave function c : [0, 1]→ R such that, for each prior µ ∈ [0, 1] and each signal π ∈ Π(µ),

C(π) := c(µ)− Eπ(c). (1)

For a graphical illustration, see Figure 1.(a). For simplicity, we assume that c is differentiable on the
interior (0, 1) of its domain, although this assumption – at the expense of extremely tedious proofs – can
be omitted; see Section 6.7.

Posterior-separability is a generalization of the common (Shannon) entropic cost specification, which
is obtained by setting c(µ) := −κ

(
µ log µ + (1 − µ) log(1 − µ)

)
where κ > 0. Posterior-separability is

a common specification for modelling (cognitive) costs associated to information processing (Hu et al.,
2019, 2020; Lipnowski et al., 2020; Tsakas, 2020). Partly, its appeal stems from the fact that it has strong
theoretical foundations (Caplin et al., 2017; Zhong, 2019; Denti, 2020; Tsakas, 2020) and is supported by
recent experimental evidence (Dean and Neligh, 2019). In particular, it is characterized by two – rather
mild – axioms (Tsakas, 2020): (i) the only signals that are costless are the completely uninformative
ones and (ii) the cost function satisfies a dynamic consistency property, which states that it is irrelevant
whether the expert acquires information sequentially or at once. Formally, suppose that the expert first
chooses the signal π0 ∈ Π(µpr) with supp(π0) = {µ1, . . . , µn}, and then, conditional on each posterior
µk ∈ supp(π0), chooses a new signal πk ∈ Π(µk). This process assigns to each belief µ ∈ [0, 1] the
same (total) probability as the signal π ∈ Π(µpr) where π(µ) =

∑n
k=1 π0(µk)πk(µ). Then, the dynamic

consistency axiom postulates that the cost of π is equal to the total expected cost of the two-stage process:
C(π) = C(π0) +

∑n
k=1 π0(µk)C(πk). Finally, posterior-separability implies the usual requirement that the

cost function is Blackwell monotone: if π and π′ in Π(µ) satisfy π′ � π, then Eπ′(−c) ≥ Eπ(−c) and
therefore C(π′) ≥ C(π).

At this point we should point out that a second type of information costs has been identified in the
literature (Denti et al., 2019; Pomatto et al., 2019). These are costs for generating information, e.g., the
(physical) cost for sampling data during the experiment, which the expert will later analyze to come up
with some posterior belief. These costs are in principle easier to observe (e.g., by logging the expert’s
expenses), and can be added on top of the rationally inattentive costs for processing information. In either
case, including such costs in our model is not going to play any major role in our analysis – exactly because
they are observable – and therefore, we abstain from modelling such other costs explicitly.

3. Buying unverifiable information

Suppose two risk-neutral agents, a (female) buyer and a (male) expert share a prior µpr. We consider the
transaction for some specific signal, henceforth called the traded signal. The assumption about the buyer
wanting a unique specific signal is without loss of generality, and can be easily dispensed with (Section
6.2). The expert is willing to choose a signal on her behalf and report the realized posterior back to
her. As discussed in connection with Footnote 7, the precise market characteristics that lead to the buyer
and the expert coming together to conduct this transaction are unimportant for our analysis. They only
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matter later on (see Section 4) for how the total surplus is divided between the two. What is crucial is
that information is not verifiable: neither the chosen signal nor the realized posterior are observable to the
buyer. Hence, the following questions naturally arise: First, are there compensation schemes such that the
traded signal is the expert’s only rational choice? Second, if so, then which are the compensation schemes
that can achieve this goal? And finally, among these schemes, which is the cheapest one for the buyer?

3.1. Compensation schemes

The expert is compensated with a menu A ⊆ RΩ
+ of state-contingent acts that satisfy a no-liability

constraint, i.e., each act a ∈ A induces a non-negative monetary payoff at each state. Depending on
the application at hand, each act takes the form of a message that the expert can send to the buyer.
For instance, suppose that an investor is considering a project whose success depends on the state of the
economy. An expert consultant can recommend either in favor or against the investment. His compensation
is summarized into a binary menu A = {a0, a1}, where a1 is his payment if he recommends the investment
(paying a sizeable bonus if the state of the economy turns out to be good), and a0 if he recommends
against it (in this case paying a bonus if the state of the economy turns out to be bad).

Formally, we let A0 be the set of compact menus A ⊆ RΩ
+. Whenever the menu A ∈ A0 is used as

compensation scheme, the expert first chooses a signal π ∈ Π(µpr), then he updates to some posterior
µ ∈ supp(π), and he finally chooses an act a ∈ A that maximizes the expected payoff

Eµ(a) := (1− µ)a(ω0) + µa(ω1).

The expert’s indirect payoff as a function of the posterior belief is given by

φA(µ) := max
a∈A

Eµ(a).

Subtracting the cost C(π) = c(µpr)− Eπ(c), the net expected payoff from choosing signal π is

VA(π) := Eπ(φA)− C(π) = Eπ(φA + c)− c(µpr). (2)

Thus, whenever the expert faces a menu A, his problem boils down to maximizing VA over the set Π(µpr)
of Bayesian signals corresponding with prior µpr.

Call an act irrelevant if the expert – after picking any optimal signal and observing a corresponding
posterior – will never choose it. From now on, we only consider menus that do not contain irrelevant
or weakly dominated acts. Formally, let A ⊆ A0 contain the menus A that satisfy the following two
conditions:

(M1) No irrelevant acts: For each act a ∈ A there is an optimal signal π ∈ Π(µpr) and a posterior µ
in its support supp(π) such that Eµ(a) ≥ Eµ(a′) for all a′ ∈ A.

(M2) No weakly dominated acts: For each act a ∈ A there is no a′ ∈ A \ {a} with a′(ω) ≥ a(ω) for
all ω ∈ Ω.

Removing irrelevant or weakly dominated acts will not affect the ability of the two agents to pick the right
incentives for the expert to choose the traded signal, so it is without loss of generality. But it helps us in
Theorem 1 to characterize exactly which menus do the job, without the ‘excess luggage’ of acts that are
not necessary to begin with. See Section 6.1 for a more detailed discussion.

As less of a mouthful, we will sometimes say that menu A guarantees signal π if this signal is the
unique maximizer of the expert’s goal function:

Definition 1. Menu A guarantees signal π if {π} = arg maxπ′∈Π(µpr) VA(π′). /
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Our first question (which signals can be guaranteed? ) is answered in Section 3.2. The answer to our
second question (what do the menus that guarantee such signals look like? ) is in Section 3.3. Observe
that if menu A guarantees signal π, the expected price that the buyer needs to pay to the expert is the
expected payoff Eπ(φA); also question number three (what is the cheapest menu that guarantees a given
signal? ) is answered in Section 3.4.

3.2. The expert’s maximization problem

Given menu A ∈ A, the expert maximizes the net expected payoff

VA(π) = Eπ(φA + c)− c(µpr)

in (2) over the Bayesian signals π ∈ Π(µpr). If we define, for simplicity, the function

ψA(µ) := φA(µ) + c(µ),

and notice that−c(µpr) is just an additive constant, this is equivalent with maximizing Eπ(ψA). Solving this
uses the concavification technique which was first introduced in the repeated games literature by Aumann
and Maschler (1995) and was later extensively used in the Bayesian persuasion literature following the
seminal contribution of Kamenica and Gentzkow (2011): we take the concave closure of ψA,

ψA(µ) := max
π∈Π(µ)

Eπ(ψA),

and we find the longest interval I containing the prior µpr where ψA is linear (Tsakas, 2020). The optimal
signals are those π ∈ Π(µpr) that put positive probability only on posteriors in

P := {µ ∈ I : ψA(µ) = ψA(µ)}.

0 1

a3(ω0)

φA
a3(ω1)

a1(ω1)

a1(ω0)

a2(ω1)

c

µ1 µ3µ2µpr

a2(ω0)

(a) Expert’s cost-benefit analysis: The menu
A = {a1, a2, a3} is identified by the indirect payoff func-
tion φA. The signal π0 is identified by the support
{µ1, µ3}, and yields expected benefit Eπ0(φA)−φA(µpr)
(upper shaded line) and cost C(π0) = c(µpr) − Eπ0

(c)
(lower shaded line).

ψA

ψA

µ1 µ3µ2µpr

(b) Concavification of the value function:
Take the concave closure ψA of the function ψA :=
c + φA. There are additional optimal signals be-
sides π0, viz., all those that put positive probabil-
ity to posteriors in P = {µ1, µ2, µ3}.

Figure 1: Optimal signals using the concavification technique.
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Example 1. Consider the expert’s cost function together with the menu A = {a1, a2, a3} from Figure
1.(a). Then, as illustrated in Figure 1.(b), we have I = [µ1, µ3] and P = {µ1, µ2, µ3}. Hence, the set of
optimal signals given this menu contains the signal π0 with support {µ1, µ3}, the signal π1 with support
{µ1, µ2}, as well as infinitely many signals with support {µ1, µ2, µ3}. /

Remark 1. Recall that one of our stated objectives – beyond guaranteeing that the expert will indeed
choose the traded signal – is that, upon observing the signal realization, he will report his true posterior
to the buyer. As it turns out, this is not really a concern. By simply observing the expert’s chosen act – or
equivalently by hearing the expert’s message – the buyer is able to unambiguously pin down the realized
posterior belief. In this sense, throughout the paper, choosing an act is equivalent to (implicitly) reporting
his true posterior. /

Let us illustrate the previous point in the context of our earlier example. For starters, notice that upon
fixing a menu A, the buyer knows that all optimal signals – among which the expert is expected to choose
– will one way or another lead to one of the three posteriors, viz., µ1 or µ2 or µ3. Of course, at this stage
the buyer does not know the probability with which each of these posteriors occurs, but this is something
that will only concern us later, when we focus on guaranteeing that the traded signal is picked. For now,
all that we care about is that, upon updating to one of these posteriors, the expert will pick an act that
reveals which this posterior is. And as it turns out, this is indeed the case, i.e., a1 will be chosen if and
only if the posterior is µ1, likewise a2 will be chosen if and only if the posterior is µ2, and similarly a3

will be chosen if and only if the posterior is µ3. The reason why the choice of an act always reveals the
posterior is because indifference between two acts (i.e., a kink in Figure 1(a)) occurs only at a point where
ψA lies strictly below its concave closure (i.e., it induces a corresponding kink Figure 1(b)).

Now, let us turn our first question, namely whether there is some menu of acts that makes choosing
the traded signal the unique optimum. But before addressing the issue of uniqueness, we first establish
necessary and sufficient conditions for the existence of menus that make the traded signal one of the
perhaps multiple optimal signals.

Of course, if the traded signal is the completely uninformative one, this can be done by picking an
arbitrary singleton menu: if there is only one act to choose from, the expert’s problem reduces to minimizing
the cost function. And by assumption the cost function is posterior-separable: the only signal that is
costless is the completely uninformative one. So we exclude this trivial case.

Proposition 1. Let π be a signal that is not completely uninformative.

(a) Optimal signal: Signal π is optimal for some menu A ∈ A if and only if there is no posterior µ
in its support supp(π) such that c is infinitely steep at µ.

So assume this differentiability condition holds.

(b) Uniquely optimal signal: Signal π is guaranteed by some menu A ∈ A if and only if it is binary.

Actually, by the fact that c is differentiable in the interior (0, 1), only signals that put positive proba-
bility to the boundary of the unit interval could possibly violate the condition of part (a) of the previous
result, i.e., π cannot be achieved by any menu, only in case it puts positive probability to boundary points
(i.e., to 0 and/or to 1) at which c is not differentiable.9 Moreover, for a binary signal, Theorem 1 will
explicitly construct the set of menus that make choosing this signal the unique maximum. Conversely,
the proof that uniquely optimal signals are necessarily binary proceeds by contradiction. In particular,

9In fact, as we discuss in Section 6.7, differentiability of c in the interior (0, 1) does not play any role for the previous
result. The only thing that is needed so that c is not infinitely steep at some point is −c to be subdifferentiable, which is in
turn guaranteed by c being concave.
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take some signal π which optimizes VA and at the same time is not binary, i.e., there are at least three
posteriors in the support of π, like in Figure 1.(b). Then, as illustrated in Example 1, there are multiple
optimizers of VA: π is not the only one.10

We discuss in Section 6.2 how to deal non-binary signals.

3.3. Menus guaranteeing a signal

Proposition 1 settles our first question: there exists a menu that makes the traded signal the unique
optimizer of the agent’s goal function if and only if that signal is binary and the function c is differentiable
at both posteriors in its support. So we assume this is true throughout this section and proceed to our
follow-up questions: Theorem 1 will characterize the family of menus that accomplish this task. Using
this characterization, Proposition 2 identifies the unique cheapest menu within this family.

So fix an arbitrary binary signal π for prior µpr with support supp(π) = {µ1, µ2}, where µ1 < µ2, and
let c be differentiable at both µ1 and µ2. For k ∈ {1, 2}, let Hk denote the set of supporting hyperplanes
to −c at posterior µk. By the differentiability condition, Hk is nonempty: it contains the hyperplane

h∗k(µ) := −c(µk)− c′(µk)(µ− µk). (3)

If µk is an interior belief (strictly between 0 and 1), then this is the unique supporting hyperplane in Hk.
In the two extreme points, there are infinitely many subgradients to the strictly convex function −c: if
µ1 = 0, then H1 consists of all hyperplanes of the form

h1(µ) := −c(0)− β1µ with β1 ≥ c′(0). (4)

Likewise, if µ2 = 1, then H2 consists of all hyperplanes of the form

h2(µ) := −c(1)− β2(µ− 1) with β2 ≤ c′(1).

Each hyperplane hk ∈ Hk identifies a unique act tk ∈ RΩ that satisfies Eµ(tk) = hk(µ) for every µ ∈ [0, 1]:
this is the act that pays hk(0) at ω0 and hk(1) at ω1. All of this is illustrated in Figure 2. Denote by

Tk := {(hk(0), hk(1)) : hk ∈ Hk} ⊆ RΩ (5)

the set of all these acts. The act associated with the hyperplane h∗k in (3) is denoted by t∗k:

t∗k =
(
t∗k(ω0), t∗k(ω1)

)
=
(
h∗k(0), h∗k(1)

)
=
(
−c(µk) + c′(µk)µk,−c(µk)− c′(µk)(1− µk)

)
. (6)

Since Hk is a singleton for interior posteriors, Tk = {t∗k} if µk ∈ (0, 1). On the other hand, if µk ∈ {0, 1}
there is a continuum of acts in Tk, which are linearly ordered with respect to weak dominance, i.e., for
every two acts in Tk one weakly dominates the other, with t∗k being the maximal element (again see Figure
2). For instance, by substitution into our earlier formula for the hyperplanes, if µ1 = 0, all acts in T1 give
the same payoff h1(0) = −c(0) in state ω0, but distinct payoffs h1(1) = −c(0)− β1 with β1 ≥ c′(0) in state
ω1; the act t∗1 obtained by taking β1 = c′(0) weakly dominates the other ones.

This prepares us for our answer to the second question: the menus that guarantee the traded signal
consist of two acts, obtained by picking one act t1 from T1, another act t2 from T2, and adding to them any
common act f that assures that the payoffs in all states are nonnegative: the no-liability constraint must
be met. Thus, for any signal π that is not completely uninformative, we have the following characterization
result.

10Part (b) of our proposition can also follow from Winkler (1988). Moreover, the “only if” part can also be seen as a
consequence of the well-known result of Kamenica and Gentzkow (2011) on the complexity of experiments that guarantee a
certain distribution of posteriors.
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t∗2(ω0)

t∗2(ω1)

t∗1(ω0) = t′1(ω0)

t∗1(ω1)

t′1(ω1)

h∗2

h∗1

h′1

f(ω1)

f(ω0)

a1(ω1)

a1(ω0) = a′1(ω0)

a′1(ω1)

a2(ω1)

a2(ω0)

µ2µpr
µ1

Figure 2: Menus guaranteeing the binary signal π with supp(π) = {µ1, µ2}: We first construct the
acts t∗1 ∈ T1 and t∗2 ∈ T2 induced by the supporting hyperplanes h∗1 and h∗2 of −c at µ1 and µ2 respectively. Then,
we add to each of them the same f ∈ RΩ, so that a1 := t∗1 + f and a2 := t∗2 + f are both nonnegative-valued in
order to meet the no-liability constraint. The resulting menu A = {a1, a2} guarantees that the expert will choose
the signal π. The same would have been the case if we had chosen t′1 instead of t∗1, in which case we would have
used the menu A′ = {a′1, a2} where a′1 = t′1 + f .

Theorem 1 (Characterization result). A menu A ∈ A guarantees signal π if and only if A =
{t1 + f, t2 + f} for some t1 ∈ T1, t2 ∈ T2, and f ∈ RΩ.

Intuitively, such menus are sufficient by an argument as in Proposition 1; and assumptions (M1) and
(M2) assure that we dispense with redundant acts — those that rational experts would anyway never
choose and those that are weakly dominated — making such ‘small’ two-act menus necessary as well.

If the traded signal has interior support, we saw that the sets T1 and T2 reduce to singletons {t∗1} and
{t∗2}, so we can restate Theorem 1 as follows:

Corollary 1 (Characterization result with interior posteriors). If supp(π) ⊂ (0, 1), the
menus A ∈ A that guarantee π are exactly those of the form A = {t∗1 + f, t∗2 + f} for some f ∈ RΩ.

This special case is interesting in its own right, e.g., the commonly used entropic costs are characterized
by a function c which is not differentiable at the boundaries of [0, 1], and therefore only signals with interior
posteriors can be achieved (Proposition 1(a)).

Remark 2. (Decomposition into flat and variable payments). The previous corollary implies
that whenever the posteriors are interior, optimal menus can always be decomposed into a flat and a
variable payment. The flat payment is the act f , which is paid to the expert irrespective of which action
he takes, and a fortiori irrespective of which posterior he implicitly reports. The variable payment is the
act from the set {t∗1, t∗2} which depends on the expert’s action (and a fortiori on the posterior that he
implicitly reports). Importantly, all these menus yield the same variable payment, and they differ only
on the flat payment they offer. Thus, the following interpretation can be given: the variable payment
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compensates for the lack of verifiability by providing the exact incentives that lead to the traded signal,
whereas the flat payment determines how the total surplus is split between the two agents. We elaborate
on the division of the surplus in Section 4. /

3.4. Cheapest menu

We can now also easily answer our third question and identify the unique cheapest menu that guarantees
signal π. But first, let us present a practical situation where knowing the structure of this menu is useful.

Example 2. (Delegating information procurement). Following up on our earlier example, sup-
pose that an investor hires a consultancy firm to provide him with information about the quality of an
investment plan (where at ω0 the investment fails and ω1 it succeeds). The investor knows that the firm’s
financial manager will delegate this task to the financial analyst, who does not have any bargaining power
and therefore accepts any incentive scheme the manager offers to him. This means that the cheapest menu
that guarantees a signal π can be seen as the firm’s cost of procuring π. /

The intuition (on how we find the cheapest menu) is as follows: Theorem 1 tells us what the candidate
menus look like. If the support of the signal is interior – this case is illustrated in Figure 3 – the only acts
in T1 and T2 are t∗1 and t∗2. By strict convexity of −c, the payoffs from the corresponding tangents satisfy

t∗1(ω0) > t∗2(ω0) and t∗2(ω1) > t∗1(ω1). (7)

So the smallest/cheapest act f ∗ we can add to t∗1 and t∗2 to make both nonnegative-valued is the act

f ∗ = (f ∗(ω0), f ∗(ω1)) = (−t∗2(ω0),−t∗1(ω1)),

making
A∗ := {a∗1, a∗2} with a∗1 := t∗1 + f ∗ and a∗2 := t∗2 + f ∗ (8)

the unique cheapest menu; with expression (6) for t∗k we have an explicit description in terms of the
function c at the respective posteriors. And this remains the cheapest menu even if one or more posteriors
are extreme. The idea is similar. Suppose, for instance, that µ1 = 0. Then there are infinitely many acts
in T1 coming from the infinitely many subtangents to −c at 0. From (4) and (5) we recall that these acts
t1 give the same payoff h1(0) = −c(0) in state ω0 but distinct payoffs h1(1) = −c(0) − β1 depending on
the particular β1 ≥ c′(0) in state ω1. So these tangents are all steeper than the one corresponding with
t∗1 (where β1 = c′(0)) and the payoff t1(ω1) in state ω1 lies strictly below t∗1(ω1), requiring a higher/more
costly coordinate f(ω1) in the flat fee f to meet the nonnegativity constraint.

Having explicitly constructed the cheapest menu A∗, it is easy to compute the minimum (expected)
cost at which the binary signal π is guaranteed: this cost is the expert’s expected payoff Eπ(φA∗) from the
cheapest menu. And by construction the expert will choose act a∗1 when observing posterior µ1 and act
a∗2 when observing posterior µ2, so the buyer’s cost function assigns to each binary signal π the associated
cost

K(π) := Eπ(φA∗) = π(µ1)Eµ1(a∗1) + π(µ2)Eµ2(a∗2). (9)

In summary:

Proposition 2 (Cheapest menu). Menu A∗ in (8) is the unique cheapest menu guaranteeing signal π.

As a consequence we can easily derive a number of properties of the buyer’s cost function (9) for
guaranteeing the traded binary signal:

Corollary 2. K satisfies the following properties:
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a∗1(ω1)
a∗2(ω0) −c

t∗2(ω0)

t∗2(ω1)

f∗(ω0)

f∗(ω1)

t∗1(ω0)

t∗1(ω1)

a∗2(ω1)

a∗1(ω0)

µ1 µ2µpr

Figure 3: Cheapest menu for signal π: We take the acts t∗1 and t∗2, as in Figure 2. Then, we add to both
of them the cheapest act f∗, so that a∗1 := t∗1 + f∗ and a∗2 := t∗2 + f∗ are both nonnegative-valued. The resulting
A∗ = {a∗1, a∗2} is then the cheapest menu that guarantees the signal π. The expected price of this menu is equal
to K(π) = Eπ(φA∗), illustrated by the length of the vertical shaded line.

(a) Information is costly: K(π) > 0 for each binary signal π.

(b) Blackwell Monotonicity: K is strictly increasing with respect to �.

(c) No posterior-separability: K is not posterior-separable.

The proofs are elementary, so we give them here rather than in the appendix; (a) follows from direct
substitution in (9), using that both acts in A∗ are nonnegative-valued and pay a strictly positive amount
in one of the two states: a∗1(ω0) > 0 and a∗2(ω1) > 0. For (b), let π1 and π2 be binary signals in Π(µpr)
with π1 � π2 and unique cheapest menus A∗1 and A∗2 respectively. So A∗1 6= A∗2 and

K(π2) = Eπ2(φA∗2) < Eπ2(φA∗1).

By Blackwell’s theorem the expectation of convex function φA∗1 is larger under the more informative signal:

Eπ2(φA∗1) ≤ Eπ1(φA∗1) = K(π1).

Combining the two expressions proves that K(π2) < K(π1). Finally, for (c), recall from Section 2.2 or
Tsakas (2020) that a dynamic consistency property is necessary for posterior-separability. So it suffices to
show that this property is violated. We do this by means of an example for a specific prior, while noting
that the same argument applies generally.

Example 3. (No posterior separability). Start with prior µpr = 1
2
. Suppose the expert first chooses

signal π0 ∈ Π(1
2
) with support {1

4
, 3

4
}. Then, conditional on posterior µ1 = 1

4
he chooses signal π1 ∈ Π(1

4
)

with support {0, 1} and conditional on posterior µ2 = 3
4

he chooses signal π2 ∈ Π(3
4
), also with support

{0, 1}. The expected cost of this two-stage process is

K(π0) + π0(1
4
)K(π1) + π0(3

4
)K(π2) (10)

and it generates the same probability distribution over support {0, 1} as the signal π ∈ Π(1
2
) with

π(0) = π0(1
4
)π1(0) + π0(3

4
)π2(0) and π(1) = π0(1

4
)π1(1) + π0(3

4
)π2(1)
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which costs K(π). The dynamic consistency property for posterior-separability says that this should equal
(10); but it turns out to be strictly smaller. The crux is that signals π1 ∈ Π(1

4
), π2 ∈ Π(3

4
), and π ∈ Π(1

2
)

all have the same support {0, 1} and consequently by Proposition 2 the same cheapest menu. In particular,
π0(1

4
)K(π1) +π0(3

4
)K(π2) = K(π), making (10) equal to K(π0) +K(π), which is strictly larger than K(π)

since K only achieves strictly positive values. /

This last part is quite interesting, and leads to the following insight.

Remark 3. (Delegating information procurement). Recall Example 2, where the manager dele-
gates information procurement to the analyst. Then, what Corollary 2(c) and Example 3 say, is that it is
cheaper for the firm to procure a lot of information at once, rather than doing so step-by-step. A fortiori,
this also suggests that (large) firms with the capacity to procure information in large chunks enjoy a cost
advantage over (smaller) firms which obtain information bit by bit. /

4. Splitting the surplus

To discuss how the surplus of the information acquisition process is divided between the buyer and the
expert, we first need to model the buyer’s preferences for information. Assume that she is risk neutral
and that for each binary signal π ∈ Π(µpr), her willingness to pay is given by a nonnegative value function
V , viz., V (π) ≥ 0. The value of information is sometimes instrumental (e.g., when the buyer faces a
subsequent choice problem), and other times institutional (e.g., when the buyer has committed to acquire
some information).

We can now define the (expected) total surplus of the signal π as the difference between the added
value of information and the cost of acquiring it:

S(π) := V (π)− C(π). (11)

The question then becomes, how will the total surplus S(π) be divided between the buyer and the expert?
Importantly, the total surplus depends only on the signal π and not on which menu A is used to compensate
the expert (among those that guarantee π of course). This is intuitive: the specific menu is unimportant
for the size of the surplus, but will only be relevant to see how this total surplus is split between the buyer
and the expert.

Let us now formally define the part of the total surplus that each of the two agents receives. For
each menu A that assures that the expert chooses π, the expert receives expected payment Eπ(φA), so his
(expected) surplus is equal to

Eπ(φA)− C(π) = VA(π), (12)

whereas the buyer’s (expected) surplus is

V (π)− Eπ(φA). (13)

We will assume that the set of menus for which the buyer’s surplus is nonnegative is not empty: otherwise
she won’t be interested in paying for the signal to begin with. In Proposition 2 we identified the menu
A∗ that was the cheapest way to assure that signal π is chosen, i.e., the one that minimizes the Eπ(φA)
term. So this is the most preferred menu for the buyer and consequently the least preferred for the expert.
By (9), the corresponding minimal payoff from menu A∗ is denoted K(π) = Eπ(φA∗), so we can write the
expert’s guaranteed surplus as

Se(π) := K(π)− C(π). (14)
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Let us first characterize the expert’s guaranteed surplus. We take the linear function h that connects the
payments t∗2(ω0) with t∗1(ω1) at 0 and 1 respectively (see Figure 4), i.e., formally, we consider the function

h(µ) := t∗2(ω0) +
(
t∗1(ω1)− t∗2(ω0)

)
µ. (15)

Then, using the function h, we can characterize the expert’s guaranteed surplus:

a∗1(ω1)
a∗2(ω0) −c

t∗2(ω0)

t∗2(ω1)
t∗1(ω0)

t∗1(ω1)

a∗2(ω1)

a∗1(ω0)

µ1 µ2µpr

V (π)

h

V (π)− Eπ(φA∗ )

Se(π)

Figure 4: Distributing the total surplus: We first draw the hyperplane h that connects the payments
t∗2(ω0) and t∗1(ω1) at 0 and 1 respectively. Subsequently, we show that the expert’s guaranteed surplus is equal to
the length of the lower shaded vertical linepiece. This is always positive due to strict convexity of −c. Finally,
given that the expert is always guaranteed to get Se(π), the only part of the surplus whose distribution depends
on market characteristics is its remainder V (π)− Eπ(φA∗), the length of the upper shaded vertical linepiece.

Theorem 2 (Expert’s surplus). The expert’s guaranteed expected surplus is equal to

Se(π) = −h(µpr)− c(µpr). (16)

Consequently, the expert’s surplus is always strictly positive and bounded away from 0.

The previous result is illustrated in Figure 4. The expected price K(π) is equal to difference between
the upper grey line (above the axis) and the horizontal axis itself at µpr, as we have already shown in
Figure 3. However, this difference is equal to the difference between the lower grey line (below the axis)
and h also at µpr. On the other hand, by posterior-separability, the cost C(π) is the difference between
the lower grey line (below the axis) and −c, again at µpr. Therefore, Equation (16) follows directly by
subtracting the two quantities.

In principle, it is not surprising that the expert’s expected surplus is always strictly positive: a similar
conclusion is drawn in problems with limited liability (e.g., in principal-agent models with moral hazard
and adverse selection). However, what is interesting here is that we can precisely characterize the lower
bound of said surplus.

Crucially note that the previous result does not rely on any assumption on the market characteristics.
In this sense, the expert’s surplus remains positive even in extreme cases where the expert is completely
uninformed and all the strategic power lies with the buyer, e.g., when they essentially play an ultimatum
game, with the buyer being the proposer and the expert’s surplus being equal to Se(π) in equilibrium.
This is in stark contrast with markets for commodities where under similar assumptions the buyer extracts
all surplus.
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The expert’s surplus is always positive in our case is because the buyer can verify neither the signal
she is buying nor the realized posterior (i.e., information is unverifiable). Thus, the buyer compensates
the lack of verifiability with incentive-compatibility. However, the incentives that are needed in order to
guarantee that the expert will indeed choose the signal π are exogenously given and the buyer cannot do
anything to affect them. Thus, she always ends up paying a guaranteed premium to the expert for the
traded signal, in relation to what she would have paid him if she could monitor his information-acquisition
process and verify the posterior that he would have formed himself.

Corollary 3. The expert’s guaranteed surplus Se is strictly increasing in the Blackwell order.

This last result follows again from the fact that −c is strictly convex, and as such the tangents h∗1 and
h∗2 that define the corresponding acts t∗1 and t∗2 become steeper as we take more extreme posteriors. As
a result the linear function h shifts downwards as the signal becomes more informative, and therefore by
Theorem 2, the guaranteed surplus increases. Intuitively, the result says that the price of unverifiability
increases as the signal becomes more informative.

As we have already mentioned earlier in this section, our analysis so far has not imposed any assump-
tions on the underlying market characteristics. And in particular, we have not discussed the effect that
different such assumptions will have on how the total surplus is split. Instead, we have merely provided
a worst-case scenario split for the expert, implying that the effect could only make our conclusions more
striking, in the sense that the expert’s surplus could increase even more. The general idea is that irrespec-
tive of the underlying assumptions, the variable payment {t∗1, t∗2} will always remain the same and only the
flat payment f may change (Remark 2). This is what eventually determines the split of the total surplus.
Let us provide a couple of examples.

Example 4. (Expert’s bargaining power). Suppose that the expert knows the buyer’s willingness
to pay, V (π), and at the same time he has all the bargaining power, in the sense that he makes a take-it-or-
leave-it offer to the buyer, i.e., he is the proposer in the ultimatum game they play. Once again, the variable
compensation will still be the same, but the expert will be able to claim a higher fixed compensation. In
particular, the expert will propose a menu A = {t∗1 + f, t∗2 + f} so that V (π) − Eπ(φA) = 0. This is the
case for some act f ∈ RΩ with Eµpr(f) = Eµpr(f ∗) + S(π) − Se(π). Obviously, in this extreme case, the
expert claims the entire total surplus. /

Example 5. (Competitive market). Suppose that there are multiple homogeneous experts, all of
them knowing the buyer’s willingness to pay. The experts engage in Bertrand-type competition, i.e., the
one who charges the lowest expected price will be the one who provides the signal to the buyer. Again,
since none of the experts can offer a different variable payment, they can only compete on the flat payment.
In line with the predictions of Bertrand competition, the unique equilibrium menu will be A∗, i.e., the fixed
compensation in equilibrium will be f ∗. So the expert’s surplus is driven down to his minimal guaranteed
surplus Se(π). /

There are of course many other cases that one can study, but this is not the focus of our paper, so we
let these two examples suffice to illustrate the type of exercises one can do to investigate how different
market structures impact the division of the surplus.

5. Comparative statics

How sensitive is our analysis to changes in the main fundamental parameter of our model, the expert’s
cost function? Obviously, the answer to this question has interesting implications for markets with het-
erogeneous experts, and it can provide insights on how the level of expertise (viz., the competence of the
expert) affects the price for information or the distribution of the total surplus.
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Let us focus on a tractable case, where the expert’s cost belongs to the family

C :=
{
κc
∣∣ κ > 0

}
(17)

for some strictly concave c. One interpretation is that within each family C, the parameter κ reflects level
of expertise: lower κ correspond to cheaper information acquisition technology, and a fortiori to higher
expertise level. The reason why this case is tractable is because costs increase linearly with respect to the
multiplier κ, and moreover they increase by the same factor for every signal. Obviously, this specification
is quite restrictive, but nevertheless it is quite common in the literature. For instance, the popular class
of entropic cost functions

µ 7→ −κ (µ log µ+ (1− µ) log(1− µ)) with κ > 0

has this structure.
Can we then conclude that higher level of expertise leads to a higher compensation for π? Or to higher

guaranteed surplus for the expert? In other words, does the expert internalize the benefits of his higher
expertise level? This turns out not be the case: increased competence of the expert leads to a lower
(cheapest) price for the buyer, as well as to a lower guaranteed surplus for the expert himself.

Proposition 3. Within a class C, the following hold:

(a) the cost K(π) for the cheapest menu to ensure signal π is strictly increasing with respect to κ.

(b) the expert’s guaranteed surplus Se(π) is strictly increasing with respect to κ.

The previous result follows directly from the fact that the tangents h∗1 and h∗2 become steeper as κ
increases. Intuitively, the incentives induced by the variable payment become stronger, as −c becomes
more convex. Thus, both a∗1(ω0) and a∗2(ω1) increase, and therefore so does K(π) (see Figure 3). At the
same time, both t∗2(ω0) and t∗1(ω1) decrease, and therefore Se(π) increases (see Figure 4). Notably, both
K(π) and Se(π) increase linearly in κ.

One implication of the previous proposition is that, as long as the buyer has all the bargaining power in
her hands, she reaps all the benefits from the expert’s increased competence and then some more, i.e., the
decrease in the expected price that the expert receives is larger than the decrease in the cost that she incurs
for the signal. Thus, the increase in the buyer’s surplus is larger than the increase in the total surplus. In
fact, in the limit where the expert becomes extremely competent and the information is extremely cheap
to acquire (i.e., when κ → 0), the expert’s guaranteed surplus vanishes and the buyer collects the total
surplus. In simple terms, whenever the buyer has all the bargaining power, she exploits competent experts
more than incompetent ones. Of course, at the other extreme, where the expert has all the bargaining
power in his hands, he will extract the entire total surplus, meaning that he will enjoy all the benefits of
his increased competence (see Example 4).

A second implication is that whenever the market of expertise is competitive with heterogeneous experts
(all having cost functions from the same class C) engaging in Bertrand competition (see Example 5), the
one with the highest quality (i.e., with the lowest κ) will be hired by the buyer. However, similarly to
the analysis in standard Bertrand oligopolies, he will claim additional flat payment so that the buyer is
essentially indifferent between him and the second-most competent expert.

6. Discussion

6.1. The class of feasible menus

Throughout our analysis we imposed the two assumptions (M1) and (M2) from Section 3: menus do not
contain irrelevant or weakly dominated acts. This gives us a sharp characterization of the menus that
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guarantee the traded signal in Theorem 1 and therefore an easy way to characterize the cheapest such
menu in Proposition 2. Without (M1) and (M2) these menus would be harder to describe because you
could take the menus from Theorem 1 and Proposition 2 and achieve the exact same task – guaranteeing
signal π and doing so in the cheapest way possible – by adding to them some spurious acts: as an extreme
example, you could add a strictly dominated one. So the effective menus would be harder to characterize
because they would consist of acts that are crucial to the task at hand, but also any number of acts that
you could do without.

In summary, assumptions (M1) and (M2) give us precise characterizations by dispensing with needless
acts. Apart from that, they are in no way instrumental to our results. This is easiest to see for (M2):
weakly dominated acts do not affect the maximal expected payoff φA. Hence, allowing or disallowing them
does not change the goal function of the expert on which all our results depend.

The case for (M1) is similar but a bit more intricate. Suppose an act in menu A is irrelevant. By
definition this act does not maximize expected payoff for any posterior µ in the support of the signals π
that maximize the expert’s goal function VA. The latter posteriors µ, by our concavification procedure,
belong to the longest interval I around the prior on which the concavification ψA of ψA is linear and satisfy
ψA(µ) = ψA(µ). So if the act is expected-payoff maximizing against any µ, either that µ does not belong
to the interval I at all or it does, but then ψA(µ) lies strictly below ψA(µ). Either way, this act does not
affect what the concavification on this interval looks like: for our results it is inconsequential whether it
belongs to the menu or not.

6.2. Beyond a unique signal

Suppose that we depart from a setting where the buyer wants to guarantee a unique signal. Instead
assume that the buyer has multiple traded signals, and in particular she puts a restriction on the posterior
beliefs that she finds acceptable, but she is indifferent across the signals that guarantee these posterios.
For example, suppose that the buyer wants to obtain a signal that yields probability at least 95% to some
state, i.e., she is interested in a signal π ∈ Π(µpr) such that π

(
[0, 0.05]∪ [0.95, 1]

)
= 1, without really caring

which one it will be. As expected, this modification enlarges the set of menus that serve the buyer’s goal,
so Theorem 1 has to be adjusted accordingly. On the other hand, Theorem 2 still holds verbatim. Let us
provide an illutration.

The menus that guarantee posteriors from a given set, are constructed in the usual way: Take an
arbitrary signal π (putting probability 1 to the desired posteriors), and for each µk ∈ supp(π) obtain the
act tk as in (6). Then, add the same act f to every tk so that tk + f satisfies no-liability. Finally, take
the union of all such menus across all subsets of desired posteriors. Of course, this procedure will lead
to many different menus, which will differ not only in the fixed compensation but also in the variable
compensation. This is because the variable compensation depends on the support of a signal, and here
we have multiple different supports, corresponding to the different traded signals. Furthermore, some of
these menus are not binary, implying that the expert will have multiple optimizers of his goal function.
Nevertheless, each such optimizer will induce a strictly positive expected surplus for the expert. To see
this, take an arbitrary such menu A′ and an arbitrary binary submenu A′′ ⊆ A′. Respectively, pick an
arbitrary maximizer π′ ∈ arg maxVA′ and the unique maximizer π′′ ∈ arg maxVA′′ . Finally, notice that π′′

is also a maximizer of VA′ , implying that VA′(π
′) = VA′(π

′′) = VA′′(π
′′) > 0, i.e., Theorem 2 extends to this

case, although the buyer will not be able to infer which exact signal was actually obtained by the expert.

6.3. Weak incentive-compatibility

Throughout the paper we have insisted on strict incentive-compatibility, i.e., the buyer wants her traded
signal to be guaranteed. Assume instead that the buyer accepts weak incentive-compatibility, i.e., she
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wants to obtain the traded signal, but she does not insist on guaranteeing it as the unique best response of
the expert, trusting that the expert will provide it as long as it is one of his optimal signals. Once again,
this flexibility would enlarge the set of menus that serve the buyer’s goal, but it would also be the case
that – in an essentially identical way to Section 6.2 above – the expert’s expected surplus would always
remain strictly positive.

Take an arbitrary traded signal π. We will focus on minimal menus, i.e., menus that can lead to π
with the smallest number of acts. Then, following the same logic as in the previous section, we take the
support {µ1, . . . , µn} of π, then we identify the act tk for each µk, and finally we find another act f such
that {t1 + f, . . . , tn + f} satisfies no-liability. All minimal menus will have this form. Of course, unless
n = 2, such menus will not guarantee π, as the expert will be indifferent across all signals whose support
is a subset of {µ1, . . . , µn}. But then again, using the exact same argument as in Section 6.2, we conclude
that no matter which of these signals is used, the expert will receive a strictly positive expected surplus.

6.4. Multiple states

Can our analysis be extended to the more general case where Ω is an arbitrary finite state space? The
first problem is again which signals can be guaranteed. In other words, for which signals π ∈ Π(µpr) is it
possible to find a menu A ⊆ RΩ

+ such that the expert’s unique best response is to choose π? Proposition
1 can be extended as follows: for differentiable costs, a signal π can be guaranteed if and only if there is
a unique way to express the prior µpr as a convex combination of posteriors in the support of the signal.
For instance, with three states, the latter holds true if and only if π assigns positive probability to either
two posteriors or to three posteriors that are not collinear.

Then, while it is significantly more complex, Theorem 1 can be extended to the multinomial case.
In particular, take a signal π ∈ Π like the ones we describe in the previous paragraph, with support
{µ1, . . . , µn}. Then, for each µk ∈ supp(π) consider a supporting hyperplane hk of the strictly convex
function −c at µk∆(Ω). Then, we define the act tk, which at every state ω pays the value of hk at the
Dirac measure that puts probability 1 to this state ω. Subsequently, we take any act f ∈ RΩ such that
the menu {t1 + f, . . . , tn + f} satisfies no-liability. In fact, all menus that guarantee π look like this one.

Furthermore, Theorem 2 is extended directly to the multinomial case, i,e., for each state ω ∈ Ω, take
the worst-case scenario h(ω) := minnk=1{t1(ω) + f(ω), . . . , tn(ω) + f(ω)}, and consider the hyperplane h
that goes through the different points in {h(ω1), . . . , h(ωn)}. Then, the expert’s guaranteed surplus is still
equal to −h(µpr) − c(µpr), which is always strictly positive. Hence, Theorem 2 extends verbatim to this
case of multiple states.

6.5. The no-liability condition

Is our assumption of no-liability a sensible one? First of all, in most practical settings where our theory
would be applicable, a strong no-liability condition – like the one we impose here – is typically used. For
example, CRA’s are not financially liable for their ratings, meteorologists do not have to pay a penalty
if their weather forecast is inaccurate, political analysts are not punished financially in case of a bad
prediction. But even when it comes to cases of medical malpractice where the doctor may be held liable
for damages caused by misdiagnosis, liability is often limited, due to insurance coverage.

So, this brings us to the next question: are our results driven by the no-liability condition? It turns
out that this is not the case, in the sense that a weak form of limited liability also suffices for our key
insights to hold. In particular, instead of assuming that all acts in each menu A are nonnegative-valued,
suppose that we take φA(µ) ≥ 0 for each µ ∈ [0, 1], i.e., the expected payoff is nonnegative. This is for
instance the case if a doctor is insured for malpractice, and his compensation is restricted to always cover
the insurance premium in expectation. In this case, both Proposition 1 and the decomposition of menus
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that guarantee signal π into a flat and variable payment in Theorem 1 remain valid. Importantly, the
variable payments t1 and t2 would be the same as in the no-liability case; the only consequence is that
the flat payment f now only needs to be chosen in such a way that φA is nonnegative, instead of making
each act nonnegative. So we can choose a lower/less costly flat payment to achieve this, thus leading to a
smaller guaranteed surplus to the expert. But it remains strictly positive. Let us illustrate why this is the
case in our earlier Figure 4. Given the acts t∗1 and t∗2, it suffices to choose a lower flat payment that shifts
φA downwards until its kink lies on the horizontal axis. However, the expert’s surplus will still be larger
than the difference between −c(µpr) and h∗2(µpr), which is always strictly positive due to strict convexity
of −c. Hence our conclusion that the expert receives a strictly positive surplus still holds, although it
decreases in size.

So concluding, some (weak) form of limited liability is needed in order to obtain our results,11 and of
course in theory one can imagine some complex market mechanisms that do not satisfy these conditions.
However, in almost all markets for information that we observe in practice, such limited liability conditions
hold, making our approach a generally applicable one.

6.6. Implicit compensations

Our framework allows for a wide variety of compensation schemes, including both explicit and implicit
rewards. Of course, whenever part of the compensation is not explicitly contracted, we have assumed that
the two agents have a verbal agreement which is honored by the buyer. In fact, the main insights of the
paper go through even if we relax this last assumption.

Suppose instead that the compensation has an implicit part, such as a verbal promise of a bonus or
a promotion, and crucially the expert has some beliefs about the extent to which the buyer will keep her
word. Of course, such beliefs will affect the way the expert perceives the menu that he faces, and a fortiori
they will affect the signal that he will pick. For instance, if the implicitly agreed menu is {a1, a2} with
a1(ω0) = a2(ω1) = 1 and a1(ω1) = a2(ω0) = 0, and the expert thinks that the probability of the buyer
actually paying him is only 50%, then his perceived menu is {1

2
a1,

1
2
a2}, which will of course lead to a

less informative signal than the one the agreed menu would have done. Nevertheless, we can repeat our
analysis using the perceived menu instead of the agreed one, and all our results still hold verbatim.

The second issue has to do with the buyer’s second order beliefs, i.e., what does the buyer think about
the expert’s beliefs about the buyer keeping her word. Of course, these second order belief could be in
principle wrong, i.e., the buyer may think that the expert trust her, while in reality she does not. Clearly in
this case the buyer may end up proposing weaker incentives than the ones needed, and as result obtaining
a less informative signal than the one she wants. However, this is something she will not realize even ex
post. But even in this case, the main insights of the paper will still carry over.

6.7. Nondifferentiable costs

We assumed for simplicity that c was differentiable on the interior (0, 1) of its domain: in our main results,
the menus are defined in terms of acts that come from tangents to −c, so it makes our proofs substantially
more easy to read if these tangents are unique. For Theorem 1(a) we only need to assure that c in
the extreme points 0 and 1 has nonvertical tangents; apart from that the differentiability assumption is
inconsequential. Even if there are infinitely many subtangents to −c in interior points, we can still use
them in Theorem 1 to define menus that guarantee the traded signal, the only real change being that now
the sets T1 and T2 of acts coming from the tangents at posteriors µ1 and µ2 can be infinite sets also if

11This is similar to what we often observe in the moral hazard literature. For instance, see Laffont and Martimort (2002),
Bolton and Dewatripont (2005) and references therein.
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these posteriors are interior. But once again, in Proposition 2 the cheapest menu uses acts t∗1 and t∗2 that
come from tangents that are as flat as possible.

6.8. Uncertainty about cost function

Throughout the paper we have assumed that the expert’s cost is commonly known, which allows the buyer
to pin down the exact incentives needed for a signal to be guaranteed. This assumption can be easily
relaxed by instead assuming that the buyer has subjective beliefs about the expert’s cost function. Then,
similarly to Tsakas (2020) we can construct compensation schemes that guarantee a signal arbitrarily
close to the traded one with arbitrarily large probability. So, our results are essentially robust to this
assumption.

6.9. More complex compensation schemes

Suppose that more complex compensation schemes can be used. This can be done in two distinct ways:
mixed menus (probability distributions over menus in A that guarantee some signal) or sequential menus
(comprising of appropriately designed menus in A that are offered dynamically). In both cases, it can be
guaranteed that in the end the expert’s optimal signal is the traded one, and furthermore our key result
would still hold. Nevertheless, these are highly non-standard and overly complex compensation schemes.
In this sense, although formally speaking they do the job, we do not view them as a particularly appealing
alternative for the purposes of this project.

A. Proofs of Section 3

Proof of Proposition 1(a). Sufficiency: Assume π is a Bayesian signal for prior µpr with support
supp(π) := {µ1, . . . , µn}, where µ1 < · · · < µn. In particular, µpr ∈ (µ1, µn).

Let c be differentiable at every µ ∈ supp(π) := {µ1, . . . , µn}. For each k ∈ {1, . . . , n}, let hk be a
supporting hyperplane of the strictly convex function −c at µk and define the act

tk :=
(
hk(0), hk(1)

)
∈ RΩ.

Next, pick some act f ∈ RΩ with sufficiently high payoffs so that each ak := tk + f is nonnegative-valued:
it satisfies the no-liability constraint. Define the menu A := {a1, . . . , an}. Observe that for each act ak
and each µ ∈ [0, 1],

Eµ(ak) = Eµ(tk + f) = hk(µ) + Eµ(f),

so the indirect expected payoff from menu A is

φA(µ) = max{Eµ(a1), . . . ,Eµ(ak)}
= max{h1(µ), . . . , hn(µ)}+ Eµ(f).

Since −c is strictly convex, it lies above its supporting hyperplanes:

−c(µ) ≥ max{h1(µ), . . . , hn(µ)}
= φA(µ)− Eµ(f),

with equality holding if and only if µ ∈ {µ1, . . . , µn}. Therefore, it will be the case that

ψA(µ) = φA(µ) + c(µ) ≤ Eµ(f),
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with equality holding if and only if µ ∈ {µ1, . . . , µn}. Hence, the concave closure of ψA is

ψA(µ) =


Eµ(f) + c(µ) + h1(µ) if µ < µ1,

Eµ(f) if µ1 ≤ µ ≤ µn,

Eµ(f) + c(µ) + hn(µ) if µ > µn.

Hence, the largest interval around µpr where ψA is linear is I = [µ1, µn]. Moreover, the only points µ ∈ I
where ψA(µ) = ψA(µ) are those in {µ1, . . . , µn}, i.e., P = supp(π), implying that π is indeed an optimal
signal for menu A, which completes the proof.

Necessity: By assumption, c is differentiable in the interior (0, 1) of its domain, so the only two candidate
points for c not being differentiable are 0 and 1. Without loss of generality we assume that c is not
differentiable at 0, implying (by concavity of c) that

lim
µ→0+

c(µ)− c(0)

µ
=∞. (A.1)

Consider some signal π that puts positive probability on posterior 0 and suppose that there were a menu
A ∈ A such that π maximizes the expert’s goal function VA. At posterior 0, there must be a unique act
that solves

φA(0) = max
a∈A

a(ω0).

Otherwise there would be multiple acts with the same (maximal) payoff in state ω0 but different payoffs
at state ω1, contradicting our assumption (M2) that menus offer no weakly dominated acts. By continuity,
this unique act remains optimal also for priors µ in a sufficiently small neighborhood of 0, making φA
linear on this neighborhood, say with slope β ∈ R:

φ′A(0) = lim
µ→0+

φA(µ)− φA(0)

µ
= β. (A.2)

Combining (A.1) and (A.2), we obtain

lim
µ→0+

ψA(µ)− ψA(0)

µ
=∞. (A.3)

Recall from the concavification procedure that the optimal signal π assigns positive probability only to
posteriors in an interval around the prior µpr on which the concavification ψA of ψA is linear and coincides
with ψA. Since it includes both 0 and the prior, this interval must be of the form [0, µ̃] for some µ̃ > µpr.
By its linearity on this interval, ψA has a well-defined derivative

ψ
′
A(0) ∈ R. (A.4)

Finally, we have ψA(µ) ≥ ψA(µ), and since π assigns positive probability to posterior 0 we obtain ψA(0) =
ψA(0). Therefore,

ψ
′
A(0) = lim

µ→0+

ψA(µ)− ψA(0)

µ
≥ lim

µ→0+

ψA(µ)− ψA(0)

µ
=∞,

which contradicts (A.3) and (A.4).
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Proof of Proposition 1(b). Sufficiency: If the signal is binary, Theorem 1, proven below, provides
a two-act menu A for which signal π the unique maximizer of the expert’s goal function VA.

Necessity: Assume signal π is the unique optimizer of the goal function VA for some menu A ∈ A. But
suppose, contrary to what we want to prove, that it is not binary: its support consists of n > 2 distinct
posteriors µ1 < · · · < µn (with prior µpr somewhere in-between). By the concavification procedure, all
these posteriors lie in the interval around the prior on which the concavification ψA of ψA is linear and
coincides with ψA. And any other mean-preserving spread of the prior µpr that assigns probability 1 to
{µ1, . . . , µn} is optimal as well. In particular, the binary one with support {µ1, µn} would be optimal,
contradicting our assumption that the optimizing signal is unique.

Proof of Theorem 1. Sufficiency: That signal π is a maximizer of the expert’s goal function VA for
menus A of the prescribed form is just a special case of the sufficiency proof of Theorem 1(a). And it is
the only maximizer: by construction, the two posteriors µ1 and µ2 in its support are the only two points
in the interval where the concavification ψA is linear and coincides with ψA.

Necessity: Let A ∈ A be a menu for which π is the unique maximizer of the ’s goal function VA. Write
supp(π) = {µ1, µ2} with µ1 < µ2. Define the sets of optimal acts for each of the two posteriors µ1 and µ2

respectively:
A1 := arg max

a∈A
Eµ1(a) and A2 := arg max

a∈A
Eµ2(a).

By assumption (M1) there are no irrelevant acts, so A = A1 ∪ A2. For each k ∈ {1, 2} we can select
from Ak, by a standard compactness-plus-continuity argument, an act a0

k that maximizes over all acts in
A1 the associated payoff in state ω0 and an act a1

k that maximizes the associated payoff in state ω1. By
assumption (M2) there are no weakly dominated acts, so these acts are unique. Since all acts in Ak have
the same expected payoff at µk, higher payoffs in one state correspond with lower payoffs in the other, so
we have for all acts a ∈ Ak that

a0
k(ω0) ≥ a(ω0) ≥ a1

k(ω0) and a1
k(ω1) ≥ a(ω1) ≥ a0

k(ω1). (A.5)

Step 1. First, we will prove that a1
1(ω0) > a0

2(ω0). We proceed by contradiction, assuming a1
1(ω0) ≤ a0

2(ω0).
If a1

1(ω0) = a0
2(ω0), then these two acts must be the same; otherwise one of them would weakly dominate

the other, contradicting (M2). So a1
1 = a0

2 ∈ A1∩A2. In particular, φA(µ1) = Eµ1(a1
1) and φA(µ2) = Eµ2(a1

1)
and writing out the corresponding expectations shows that Eπ(φA) = Eµpr(a1

1). Since C(π) > 0, we obtain

VA(π) = Eπ(φA)− C(π) < Eµpr(a1
1).

By posterior-separability the cost of the completely uninformative signal with probability one on the prior
µpr is zero. So the right side of this expression is the value of the goal function VA if the expert chooses
this noninformative signal. This is a contradiction: we assumed that VA(π) was the maximum of VA.

If a1
1(ω0) < a0

2(ω0), then a1
1(ω1) > a0

2(ω1), as otherwise (M2) would be violated. By µ1 < µ2, we obtain

(1− µ1)a0
2(ω0)− (1− µ1)a1

1(ω0) > (1− µ2)a0
2(ω0)− (1− µ2)a1

1(ω0),

µ1a
0
2(ω1)− µ1a

1
1(ω1) > µ2a

0
2(ω1)− µ2a

1
1(ω1).

Add the respective sides of the two inequalities and use that a1
1 ∈ A1 and a0

2 ∈ A2 for the first and third
(weak) inequality to find yet another contradiction:

0 ≥ Eµ1(a0
2)− Eµ1(a1

1) > Eµ2(a0
2)− Eµ2(a1

1) ≥ 0.
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Step 2. Next, we show that A1 and A2 are singletons. It suffices to show, for both k ∈ {1, 2}, that a0
k = a1

k.
We do so for the smaller posterior µ1; the proof for µ2 follows the same way.

First suppose that µ1 = 0. Since Eµ1(a0
1) = Eµ1(a1

1), it follows that a0
1(ω0) = a1

1(ω0). Hence also
a0

1(ω1) = a1
1(ω1), as otherwise one would weakly dominate the other, contradicting (M2). Thus, a0

1 = a1
1.

Now suppose that µ1 ∈ (0, 1). Look at all straight line segments µ 7→ Eµ(a) corresponding with the
expected payoff from acts a in A1. Recall from (A.5) that in µ = 0, a0

1 gives the highest payoff and a1
1 the

lowest; and at µ1 they all intersect. So for µ’s below µ1, act a0
1 is the best one in A1, whereas for µ’s above

µ1 it is act a1
1. A similar argument holds for acts in A2: for µ’s below µ2, act a0

2 is the best one in A2 and for
µ’s above µ2, act a1

2 is. We saw in Step 1 that at µ0, act a0
2 gives a smaller payoff than a1

1, which is the act
with the corresponding lowest payoff from A1. So a0

2 does not belong to A1: Eµ1(a0
2) < Eµ1(a1

1). Likewise,
a1

1 does not belong to A2: Eµ2(a0
2) > Eµ2(a1

1). Since the expected payoff from a1
1 is above that of a0

2 in
µ1 but below it in µ2, there is a unique µ0 ∈ (µ1, µ2) where the line pieces intersect: Eµ0(a1

1) = Eµ0(a0
2).

Combining all this — and using that there are no other acts than those in A1 ∪A2 thanks to assumption
(M1) — we find that the maximal expected payoff φA is defined by

φA(µ) =


Eµ(a0

1) if µ ≤ µ1,

Eµ(a1
1) if µ1 ≤ µ ≤ µ0,

Eµ(a0
2) if µ0 ≤ µ ≤ µ2,

Eµ(a1
2) if µ ≥ µ2.

So at µ1, its left derivative is φ−A(µ1) = a0
1(ω1)−a0

1(ω0) and its right derivative is φ+
A(µ1) = a1

1(ω1)−a1
1(ω0).

Now, assume contrary to what we want to prove that a0
1(ω0) > a1

1(ω0) and a0
1(ω1) < a1

1(ω1), thus obtaining

φ−A(µ1) < φ+
A(µ1). (A.6)

Since signal π was the unique optimal signal for menu A, we know from our concavification that there is a
linear function h such that h(µ) ≥ ψA(µ) for all µ ∈ [0, 1], with equality if and only if µ ∈ {µ1, µ2}. From
our expression for φA above it follows that ψA is strictly concave in both intervals [0, µ1] and [µ1, µ0]. And
concavity implies decreasing difference quotients, so ψ−A(µ1) ≥ h′(µ1) ≥ ψ+

A(µ1) (where ψ−A and ψ+
A denote

left and right derivatives). Since c itself is differentiable at µ1 and ψA = φA + c by definition, it follows
that

φ−A(µ1) ≥ φ+
A(µ1),

an obvious contradiction with (A.6). Hence the proof of this step is complete.

Step 3. By Step 2, A = {a1, a2}, where ak is the unique optimal act given posterior µk (k ∈ {1, 2}), and
there is a linear h such that for every µ ∈ [0, 1],

h(µ) ≥ ψA(µ) = max {Eµ(a1) + c(µ),Eµ(a2) + c(µ)} , (A.7)

with equality if and only if µ ∈ {µ1, µ2}. Our aim is to show that we can decompose each ak into tk + f
with acts t1, t2, and f as in the theorem.

By (A.7) we obtain
−c(µ) ≥ Eµ(a1)− h(µ),

for all µ ∈ [0, 1], with equality holding if and only if µ = µ1. Since the linear function µ 7→ Eµ(a1)− h(µ)
is a tangent of the strictly convex −c at µ1, it can be written as

Eµ(a1)− h(µ) = −c(µ1) + β1(µ− µ1), (A.8)
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where β1 is a subderivative of −c at µ1, i.e., if µ1 ∈ (0, 1) then β1 = −c′(µ1), whereas if µ1 = 0 then
β1 ≤ −c′(µ1). In other words, h1(µ) := −c(µ1) + β1(µ − µ1) is a subtangent of −c at µ1. Hence, by
definition the act t1 :=

(
h1(0), h1(1)

)
belongs to T1. Analogously,

Eµ(a2)− h(µ) = −c(µ2) + β2(µ− µ2), (A.9)

where β2 is a subderivative of −c at µ2, i.e., if µ2 ∈ (0, 1) then β2 = −c′(µ2), whereas if µ2 = 1 then
β2 ≥ −c′(µ2). In other words, h2(µ) := −c(µ2) + β2(µ − µ2) is a subtangent of −c at µ2. Hence, the act
t2 :=

(
h2(0), h2(1)

)
belongs to T2.

Finally, define the act f := (h(0), h(1)), and by (A.8) and (A.9), we have a1 = t1 + f and a2 = t2 + f
respectively, which completes the proof.

Proof of Proposition 2. Let (t1, t2) ∈ T1× T2. By strict convexity of −c the tangent associated with t2
at µ2 is steeper than the one associated with t1 at µ1, so

t2(ω0) < t1(ω0) and t1(ω1) < t2(ω1).

Hence each act f that makes both t1 + f and t2 + f nonnegative-valued (no-liability) must satisfy

f(ω0) ≥ −t2(ω0) and f(ω1) ≥ −t1(ω1),

making act f = (−t2(ω0),−t1(ω1)) the cheapest. So among all candidates with variable payoffs (t1, t2),
the cheapest menu uses acts a1 and a2 with

(a1(ω0), a1(ω1)) := (t1(ω0)− t2(ω0), 0) and (a2(ω0), a2(ω1)) := (0, t2(ω1)− t1(ω1)) . (A.10)

But which (t1, t2) ∈ T1 × T2 make this menu cheapest? If both µ1 and µ2 lie in (0, 1), then T1 and T2 are
singletons, so we indeed obtain the cheapest menu A∗ in the Theorem. Next, suppose that µ1 = 0 or µ2 = 1.
If µ1 = 0, then (4) and (5) give that all acts in T1 are of the form (t1(ω0), t1(ω1)) = (−c(0),−c(0) − β1)
with β1 ≥ c′(0), with the same payoff in state ω0 but different payoffs in ω1. So no matter what t2 is, the
expected cost of the acts in (A.10) is decreasing in t1(ω1), making it optimal to choose the act t∗1 with the
highest payoff in that state. A similar monotonicity argument applies if µ2 = 1, making it least costly to
choose t∗2 for any given t1. So in all cases, menu A∗ in (8) is cheapest.

B. Proofs of Section 4

Proof of Theorem 2. For each k ∈ {1, 2} take the supporting hyperplane

h̃k(µ) := −(h+ c)(µk)− (h+ c)′(µk)(µ− µk)

of the strictly convex function −(h + c) at µk. Since h̃k differs from the supporting hyperplane h∗k in (3)
used to define the acts t∗k and consequently the cheapest menu {a∗1, a∗2} = {t∗1 + f ∗, t∗2 + f ∗} by adding a
linear function h it follows by substitution that a∗1 =

(
h̃1(0), h̃1(1)

)
and a∗2 =

(
h̃2(0), h̃2(1)

)
. Hence,

K(π) = π(µ1)h̃1(µ1) + π(µ2)h̃2(µ2)

= −π(µ1)(h+ c)(µ1)− π(µ2)(h+ c)(µ2)

= −Eπ(h+ c). (B.1)

Function h is linear and π is a mean-preserving spread of prior µpr, so Eπ(h) = h(µpr) and

C(π) = (h+ c)(µpr)− Eπ(h+ c). (B.2)
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Hence, by (B.1) and (B.2) we obtain (16) :

K(π)− C(π) = −h(µpr)− c(µpr),

By linearity of h,
h(µpr) = µprh(1) + (1− µpr)h(0).

By definition of h and the acts t∗1 =
(
h∗1(0), h∗1(1)

)
and t∗2 =

(
h∗2(0), h∗2(1)

)
,

h(1) = t∗1(ω1) = h∗1(1) and h(0) = t∗2(ω0) = h∗2(0).

Also recall from (7) that
h∗2(0) = t∗2(ω0) < t∗1(ω0) = h∗1(0).

Combining all this we find that

h(µpr) = µprh∗1(1) + (1− µpr)h∗2(0) < µprh∗1(1) + (1− µpr)h∗1(0) = h∗1(µpr). (B.3)

In µpr the strictly convex function −c lies above the supporting hyperplane h∗1 at µ1:

h∗1(µpr) < −c(µpr). (B.4)

Combining (B.3) and (B.4) yields −h(µpr)− c(µpr) > 0. Thus, from (16) we obtain SE(π) > 0.

Proof of Corollary 3. Let π and π′ be binary signals in Π(µpr) with π � π′. So π is more dispersed
than π′: the posteriors in their support can be ordered µ1 ≤ µ′1 < µ′2 ≤ µ2 and at least one of the weak
inequalities is strict. By Theorem 2, writing out the value of the h-functions for these two signals, it
suffices to prove that

(1− µpr) t∗2(ω0) + µprt∗1(ω1) < (1− µpr) (t′2)∗(ω0) + µpr(t′1)∗(ω1), (B.5)

where t∗1 and t∗2 as usual denote the acts determined by the tangents to −c at µ1 and µ2 and, similarly,
(t′1)∗ and (t′2)∗ come from the tangents at µ′1 and µ′2. By strict convexity of −c the slope of these tangents
increases with µ, so moving from the smallest posterior (µ1) to the largest (µ2), the payoffs at ω0 decrease
and those at ω1 increase; in particular,

µ′2 ≤ µ2 =⇒ (t′2)∗(ω0) ≥ t∗2(ω0) and µ1 ≤ µ′1 =⇒ t∗1(ω1) ≤ (t′1)∗(ω1),

with a strict inequality on the right side of the implication whenever there is one on its left side. Since at
least one of the left inequalities is strict and µpr ∈ (0, 1), we find (B.5).

C. Proofs of Section 5

Proof of Proposition 3. For (a), it follows straight from the formulas for the acts in Theorem 2 that
those in the cheapest menu for cost function κc are simply κ times those for c. Hence also the corresponding
expected cost of this menu rescales by a factor κ: if Kκ denotes the expected price of the cheapest menu
if the cost function is κc, then Kκ(π) = κK1(π) and K1(π) is strictly positive by Corollary 2.

The proof of (b) is similar: also the function h in (15) is homogeneous of degree one in κ. So if SκE(π)
is the expert’s guaranteed surplus of π if the cost function is κc, then Theorem 2 gives Sκe (π) = κs1

E(π)
and S1

e (π) > 0. Hence, Sκe (π) is strictly (in fact, linearly) increasing in κ.
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