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Abstract

In this paper, we introduce a notion of epistemic equivalence between hierarchies of conditional
beliefs and hierarchies of lexicographic beliefs, thus extending the standard equivalence results
of Halpern (2010) and Brandenburger et al. (2007) to an interactive setting, and we show that
there is a Borel surjective function, mapping each conditional belief hierarchy to its epistemically
equivalent lexicographic belief hierarchy. Then, using our equivalence result we construct a
terminal type space model for lexicographic belief hierarchies. Finally, we show that whenever
we restrict attention to full-support beliefs, epistemic equivalence between a lexicographic belief
hierarchy and a conditional belief hierarchy implies that an arbitrary Borel event is commonly
assumed under the lexicographic belief hierarchy if and only if it is commonly strongly believed
under the conditional belief hierarchy. This is the first result in the literature directly linking
common assumption in rationality (Brandenburger et al., 2008) with common strong belief in
rationality (Battigalli and Siniscalchi, 2002).
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1. Introduction

A belief hierarchy describes an agents’s beliefs, beliefs about every other agent’s beliefs, and so on.
Belief hierarchies are an integral part of modern economic theory, often used for analyzing games
with incomplete information (Harsanyi, 1967-68), as well as for providing epistemic characterizations
for several solution concepts, such as rationalizability (Brandenburger and Dekel, 1987; Tan and
Werlang, 1988), Nash equilibrium (Aumann and Brandenburger, 1995) and correlated equilibrium
(Aumann, 1987), just to mention a few.!

A well-known problem of standard belief hierarchies is that they fail to capture conditional be-
liefs given zero probability events, and therefore they are not sufficiently rich to characterize solution
concepts, such as iterated admissibility in normal form games or rationalizability in extensive form
games, where unlikely yet possible events play a significant role. This difficulty has been circum-
vented in the literature by extending the notion of beliefs in two different ways that were developed

independently.

e According to the first approach, beliefs are captured by a lezicographic probability system (LPS),
which consists of a sequence of Borel probability measures, else called theories (Blume et
al., 1991a). The primary theory coincides with the standard beliefs, the secondary theory
captures the beliefs once the agent has for some reason discarded the primary theory, and so on.
Extending this construction to an interactive setting gives rise to a hierarchy of lexicographic
beliefs (L-hierarchy): The first order lexicographic beliefs consist of an LPS over the underlying
space of uncertainty, the second order lexicographic beliefs consist of an LPS over the underlying
space of uncertainty and the opponents’ first order lexicographic beliefs, and so on. Hierarchies
of lexicographic beliefs have been used to epistemically characterize several solution concepts in
normal form games, such as iterated admissibility (Brandenburger et al., 2008), self-admissible
sets (Brandenburger and Friedenberg, 2010), perfect equilibrium and proper equilibrium in
two-players normal form games (Blume et al., 1991b) and proper rationalizability (Asheim,

2001; Perea, 2011).

e According to the second approach, beliefs are captured by a conditional probability system
(CPS), which consists of a collection of conditioning events and a conditional Borel probability
measure given each conditioning event, in a way such that Bayes rule is satisfied whenever
possible. In dynamic games, a conditioning event typically corresponds to an information

set. Extending this idea to an interactive setting induces a hierarchy of conditional beliefs

IFor an overview of the epistemic game theory literature we refer to the textbook by Perea (2012) or the review

article by Brandenburger (2007).



(C-hierarchy): The first order conditional beliefs are described by a CPS over the underlying
space of uncertainty, the second order conditional beliefs consist of a CPS over the underlying
space of uncertainty and the opponents’ first order conditional beliefs, and so on. Conditional
belief hierarchies have been widely used to characterize solution concepts in dynamic games,
such as extensive form rationalizability (Battigalli and Siniscalchi, 2002) and extensive form

best response sets (Battigalli and Friedenberg, 2012).

Several authors have studied the relationship between the two models (Brandenburger et al., 2007;
Halpern, 2010). As it turns out, the two approaches are epistemically equivalent, in the sense that
there exists a surjective mapping from the space of CPS’s onto the space of LPS’s (Brandenburger
et al., 2007).2

In this paper, we extend this idea to an interactive setting, by introducing a notion of epistemic
equivalence between L-hierarchies and C-hierarchies, thus providing a stepping stone for understand-
ing the relationship between solution concepts whose epistemic characterizations use different types
of belief hierarchies. The importance of establishing a notion of epistemic equivalence has been
already pointed out in a different context (Brandenburger and Friedenberg, 2010).

Our extension is far from trivial, as the previously defined notion of epistemic equivalence relates
CPS’s and LPS’s that are defined on the same space. However, second order conditional beliefs
are described by a CPS over the underlying space of uncertainty and the opponents’ first order
conditional beliefs, whereas second order lexicographic beliefs are described by an LPS over the
underlying space of uncertainty and the opponents’ first order lexicographic beliefs. Thus, in order
to introduce a notion of epistemic equivalence between second order beliefs, we first need to translate
each Borel event in the space of first order lexicographic beliefs to a Borel event in the space of
first order conditional beliefs. In fact, we do this by showing that the surjective function that maps
CPS’s onto LPS’s is Borel measurable (Lemma 2). Then, second order conditional beliefs are mapped
surjectively onto second order lexicographic beliefs via a Borel function, which allows us in turn to
define epistemic equivalence between third order beliefs. Continuing inductively, we show that there
is a Borel surjective function, mapping each conditional belief hierarchy to a lexicographic belief
hierarchy (Theorem 1).

Using our main equivalence result, together with existence of a universal type space for C-
hierarchies (Battigalli and Siniscalchi, 1999, Prop. 2), we indirectly construct a terminal type space
model for lexicographic belief hierarchies, i.e., an LPS-based type space model that induces all £-
hierarchies (Theorem 3). To the best of our knowledge, this is the first such result in the literature,

and it provides a Bayesian foundation for hierarchies of lexicographic beliefs.

2For a precise definition of epistemic equivalence, see Definition 5.



The natural analogue of probability-1 belief in a CPS is strong belief (Battigalli and Siniscalchi,
1999), while in an LPS the corresponding notion is assumption (Brandenburger et al., 2008). One
natural question arising then is whether our concept of epistemic equivalence also implies equivalence
between common strong belief and common assumption, i.e., if a Borel event is commonly strongly
believed under a conditional belief hierarchy, is it also commonly assumed under the epistemically
equivalent lexicographic belief hierarchy, and vice versa? Brandenburger et al. (2007) have already
shown that if we restrict attention to full-support beliefs in a single-agent framework, a Borel event
is strongly believed under a CPS if and only if it is assumed under the epistemically equivalent LPS.
Generalizing this result to our interactive setting, we prove that if beliefs are full-support, a Borel
event is indeed commonly strongly believed under a C-hierarchy if and only if it is commonly assumed
under the epistemically equivalent L-hierarchy (Proposition 4). Notice that this result applies not
only to events in the underlying space of uncertainty, but also to events that involve beliefs, such
as rationality, implying that it has interesting implications for solution concepts in games, e.g., for
clarifying the relationship between common assumption in rationality (Brandenburger et al., 2008)
and common strong belief in rationality (Battigalli and Siniscalchi, 2002).

The paper is structured as follows: Section 2 contains some necessary mathematical preliminaries;
Section 3 introduces the notions of conditional probability systems and lexicographic probability
systems, and presents the existing notion of epistemic equivalence between the two; Section 4 defines
conditional belief hierarchies and lexicographic belief hierarchies; Section 5 presents our main results;

Sections 6 concludes with a discussion. All proofs are relegated to the Appendix.

2. Preliminaries

We begin with some definitions and the basic notation.® A topological space is called Polish whenever
it is separable and completely metrizable. Examples of Polish spaces include countable sets with the
discrete topology and R™ with the usual topology. A closed subset of a Polish space, the countable
product of Polish spaces and the topological sum of countably many Polish spaces are also Polish.
Let X be a Polish space, with the Borel o-algebra F, and denote the space of Borel probability
measures on X by A(X). As usual, endow A(X) with the topology of weak convergence, which is the
coarsest topology that makes p — [ fdu continuous for every bounded and continuous real-valued
f. If X is Polish, A(X) is also Polish. For each p € A(X), let Supp(x) denote the support of p, i.e.,
the smallest closed subset of X that receives probability 1 by u. Recall that the support is unique if

3For a more detailed presentation of the following concepts we refer to standard textbooks, such as Aliprantis and

Border (1994) or Kechris (1995).



X is separable and metrizable.

3. Extended probability systems

3.1. Lexicographic probability systems

Let N, (X) := [[,_; A(X) denote the space of sequences of Borel probability measures of length n
together with the product topology of weak convergence.* As a finite product of Polish spaces, AV,,(X)
is Polish. Let N'(X) := @.~, N,,(X) be the topological sum of all V,,(X), i.e., it is the space of finite
sequences of Borel probability measures. Since N'(X) is the topological sum of countably many Polish
spaces, it is Polish too. For an arbitrary fi = (p', ..., u") € Ny (X), let Supp(i) := U _, Supp(p™)
denote the support of ji. Let N*(X) denote the space of full-support sequences, i.e., we write
i€ N1 (X) whenever it is the case that Supp(it) = X.

Definition 1. A [exicographic probability system (LPS) over a measurable space X is a finite sequence

of Borel probability measures ji :== (u', ..., u") € N,(X) for some positive integer n, such that
(L1) there exist Borel events Ay, ..., A, C X with u™(A,,) =1, and p*(A,,) = 0 for all £ # m.

We retain the usual interpretation of an LPS. Accordingly, 4! is the individual’s primary theory
over X, p? the secondary theory, p® the tertiary theory, and so on. Intuitively, the primary theory,
which is the most important one, describes the agent’s usual beliefs about X. The secondary theory
describes the agent’s beliefs once she has decided for some reason to discard her primary theory.
Likewise, the tertiary theory describes the agent’s beliefs once she has discarded both the primary
and the secondary theory, and so on. Obviously, standard beliefs are a special case of an LPS with
length 1. The notion of the LPS was first introduced for finite spaces by Blume et al. (1991a), and
further studied by Brandenburger et al. (2008) and Halpern (2010).

The property (Lq) is called mutual singularity. For the time being let us focus on a countable
X with the discrete topology, in which case mutual singularity has a more natural interpretation.
First observe that in this case, mutual singularity is equivalent to requiring that the supports of the
different theories are disjoint. Now, in order to understand the intuition behind such a restriction

of non-overlapping supports, let us first interpret an LPS as a way to capture the notion of “a state

“For each pair ((u',...,u™), (!, ...,v")) € Np(X) x Ny (X), take the pair (u™, ™) with the maximum Prohorov
distance, thus inducing a metric in A,,(X). Since the Prohorov metric induces the topology of weak convergence in

A(X), the metric defined above is simply the product topology of weak convergence.
°Blume et al. (1991a) use the term “lexicographic conditional probability systems”, whereas Halpern (2010) uses

the term “mutually singular lexicographic probability systems” to describe the object introduced in Definition 1.



being infinitely more likely than another state”. In particular, x € X is said to be deemed infinitely
more likely than y € X whenever it is the case that x € Supp(p™) and y € Supp(u’) with m < £.5
Then, mutual singularity ensures that it cannot the case that x is deemed infinitely more likely than
x itself. Thus, mutual singularity allows the agent to partition X into classes of most likely elements,
second most likely elements, and so on.”

Note that this type of reasoning seems mostly plausible in cases where the agent can directly
observe verifiable events (e.g., see Heifetz et al., 2010). In particular, the primary theory corresponds
to the unconditional beliefs over X, with Supp(u!) being the states deemed most likely by the agent.
The secondary theory then corresponds to the conditional beliefs given that the agent has learned
that no state in Supp(u') occurs, and so on.

Lexicographic probability systems (that satisfy mutual singularity) are axiomatized by Blume et
al. (1991a, Sect. 5), who present a preference-based foundation that relaxes the standard Archimedean
property.® Accordingly, the agent’s preferences over two acts, are represented by first comparing the
unconditional expected utilities, i.e., the expected utilities under the primary theory. If these are
equal, then we compare conditional expected utilities given the set of states that receive zero prob-
ability by the primary theory, i.e., we compare the expected utilities under the secondary theory,
and so on. In the same paper, Blume et al. (1991a) also point out that in the existence of mutual
singularity, a link between LPS’s and CPS’s — which will be formally defined in the next section —
can be established.

Of course, while we find this way of modeling beliefs in general appealing, we still need to
recognize that mutual singularity can be rather restrictive in some cases. For instance, if we restrict
attention to mutually singular lexicographic beliefs, there exist games with the property that not
every self admissible set could arise under rationality and common assumption in rationality (e.g., see
Brandenburger et al., 2008, Fig. 2.6).° Moreover, mutual singularity implicitly postulates a rather
radical way of forming alternative theories. Namely, in the presence of mutual singularity, once the
agent discards her primary theory, she rules out all states that were deemed possible by this theory.

Despite these limitations, in this paper we maintain mutual singularity for two reasons. First,
as we have already mentioned above, mutual singularity allows us to draw a relationship between
(hierarchies of) lexicographic beliefs and (hierarchies of) conditional beliefs, which is the main aim

of this project. In addition, we would like to stay in line with the natural predecessor of this paper

6Later in this section, we generalize this definition to capture the idea of a Borel event being infinitely more likely

than another Borel event in an arbitrary topological space.

"A similar type of reasoning is modeled with a plausibility ordering (e.g., see Perea, 2013).

8In the same paper, they also provide a weaker axiomatization for LPS’s that does not necessarily satisfy mutual
singularity.

T would like to thank one of the referees for pointing this out.



(Brandenburger et al., 2008). We further discuss mutual singularity in Section 6.

Let £(X) denote the space of lexicographic probability systems, while £, (X) := £L(X) NN, (X)
denotes the space of lexicographic probability systems of length n. Throughout the paper, whenever
an LPS i is of length n, we write A(ji) = n. Furthermore, let £7(X) := £(X) NN (X) denote the
space of full-support LPS’s. Several papers in the literature restrict focus only to full-support LPS’s
in order to capture the idea of cautious agents who deem every state possible (e.g., Brandenburger
et al., 2008; Heifetz et al., 2010). However, in general an LPS may still have null states that are
deemed unlikely by each theory. In the present paper, we allow for such LPS’s. Finally, recall from
Brandenburger et al. (2008, Cor. C.2) that £(X) and £*(X) are Borel in N (X).

Now, we recall the notion of assumption, first introduced by Brandenburger et al. (2008). Fix an
LPS, i = (u',...,u") € L(X) and two disjoint Borel events A, B € F. We say that A is infinitely

more likely than B under i whenever
(a) for each open T'C X with ANT # (), there is some m € {1,...,n} such that y™(ANT) > 0,
(b) if u™(ANTy) >0 and p“(BNTy) > 0 for any open Ty, T, C X, then m < /.

Intuitively, A is infinitely more likely than B if it is the case that B is deemed likely only after A
has already been ruled out, e.g., if X is finite, every element of A appears before every element of B
in the LPS that describes the agent’s beliefs. Notice that the idea of an event being infinitely more
likely than another event is conceptually related to the notion of mutual singularity, in the sense
that A cannot be infinitely more likely than A itself. Similar notions of “infinitely more likely” have
appeared in several papers in the literature (e.g., Blume et al., 1991a,b; Battigalli, 1996; Asheim and
Dufwenberg, 2003; Brandenburger et al., 2008; Heifetz et al., 2010). Though, most of these papers

consider full support LPS’s, it does not need to be the case.

Definition 2. A Borel event A € F is assumed under ji whenever A is infinitely more likely than

its complement X \ A under fi.

This is the natural extension of probability-1 belief to cases where the agent reasons according
to an LPS. Throughout the paper, let A(A) C £(X) denote the LPS’s that assume A, and then we
naturally define A" (A) := A(A) N LT (X). Brandenburger et al. (2008, Cor. 3) showed that AT (A)
is a Borel subset of £(X) whenever A is Borel.

3.2. Conditional probability systems

Let B C F\ {0} be a collection of non-empty, Borel conditioning events.



Definition 3. A conditional probability system (CPS) on (X, F,B) is a function 7 : F x B — [0, 1]
that satisfies

(Cy) m(B|B) =1, if B € B,
(Cy) m(+|B) is a probability measure over (X, F) for every B € B,
(C3) m(A|C) =7n(A|B) -w(B|C),if AC BC C, with A€ F and B,C € B.

According to the usual interpretation, a CPS describes the agent’s beliefs upon having observed
each of the conditioning hypotheses in B. Standard (unconditional) beliefs are a special case of a
CPS with B = {X}. Conditional probability systems were first introduced by Rényi (1955), and
later further studied by Myerson (1986) and Battigalli and Siniscalchi (1999).

In general, BU {(} does not need to form an algebra of events. Indeed, typically B corresponds
to the collection of information sets in a finite dynamic game with perfect recall, which do not
necessarily form an algebra in the space of the opponents’ strategies.

Now, in the presence of perfect recall, B is restricted to satisfy certain structural properties,
viz., two arbitrary conditioning events either have an empty intersection or one is a subset of the
other (see Halpern, 2010, Sect. 3.3). Every CPS satisfying these restrictions can be extended (in a
belief-preserving way) to another CPS with the collection of conditioning events forming an algebra,
i.e., the extended collection of conditioning events will be the closure of the original one with respect
to finite unions, finite intersections and complements. Of course, we should point out that such an
extension is not in general unique, e.g., if we start with X = {x1, 29,23} and B = {{x}}, then
the extended collection of conditioning events should also contain {xs, 23} and X itself. In this
case, the conditional beliefs given {xs, 23} are not uniquely defined, and the same applies for the
unconditional beliefs given X. Nevertheless, every extension would preserve the original conditional
beliefs at every information set where the player is active, and therefore from a game-theoretic point
of view the conditional beliefs given the “new” information sets are irrelevant. Furthermore, notice
that if we assume that players reason at all histories in the game (including those where nature
moves) — similarly to what is assumed in Battigalli and Siniscalchi (2002) — rather than just at those
where they are active, the extension would be unique as the players would have beliefs at every
history about the relative likelihood of any two of their own information sets. In this paper, we also
adopt this last point of view, and therefore assuming that BU {0} is an algebra is done without loss
of generality.!® We further discuss this issue in the next section after Proposition 1.

Whenever BU {0} is a finite algebra on X, we say that B is finitely generated. For a fixed B, let
AB(X) denote the space of conditional probability systems on (X, F,B). If B is finitely generated,

10This assumption is also present in Brandenburger et al. (2007).



we say that m € AB(X) is finitary. For some countable class € C § of finitely generated collections
of conditioning events, let C(X, €) := @y AP(X). If X is a countable set, § is also countable. In
this case, let C(X) := C(X,§) denote the space of all finitary CPS’s.

Recall that if B is a collection of clopen events, AP(X) is Polish (Battigalli and Siniscalchi, 1999,
Lem. 1). Therefore, if X is a countable set with the discrete topology, A®(X) is Polish for every
B € §, and therefore C(X) is also Polish. Throughout the paper, unless explicitly stated otherwise,
whenever we consider a countable space of uncertainty we assume that it is endowed with the discrete
topology. This assumption is discussed in Section 6.

Following Brandenburger et al. (2007, Def. 4), we say that a CPS 7 € AB(X) is full-support,
and we write 7 € C*(X), whenever B C Supp(n(:|B)) for each B € B. Notice that if X is countable
with the discrete topology, B C Supp (7T(|B)) is equivalent to B = Supp (7r(|B))

For some finitary m € AP(X), define the sub-collection B, := {Bl, ..., BY} C B of conditioning
events as follows: First, let Pz denote the finite partition of X from which B is generated, i.e., Pg is
the finest B-measurable partition, and let

Pl .= Pp Bl = U P
PePl
Obviously, since P! is a partition of X it follows directly that B} coincides with the entire space
X, and therefore 7(-|B}) describes the agent’s unconditional beliefs. Then, for each integer m > 1
inductively define
P .= {PcP" . x(PIB™") =0} Br=J P
PePr

Intuitively, B2 is the largest conditioning event for which the conditional beliefs are not given by
applying Bayes rule, i.e., it is the largest B € B with 7(B|Bl) = 0, implying that (C3) cannot
be used to derive 7(-|B2). In other words, 7(-|B2) describes the conditional beliefs once the agent
has ruled out all conditioning hypotheses deemed likely by 7(-|Bl). Notice already the conceptual
similarity between 7(-|B2) and the secondary theory of an LPS, in that both describe the agent’s
beliefs once the usual unconditional beliefs have been discarded. We come back to the relationship
between the two notion in the next section. Likewise, B2 is the largest B € B with 7(B|Bl) = 0
and 7(B|B2) = 0, i.e., m(-|B2) describes the conditional beliefs once the agent has ruled out all
conditioning hypotheses deemed likely by 7(-|BL) or by 7(-|B2), and so on.

Observe that by construction there exists some integer v > 0 such that
BDOB2D.-- DB #)=B" =B =...

in which case we say that 7 is of length v, and we write A(7) = v. The latter follows directly from

the fact that B is finitely generated.



Lemma 1. Consider 7 € AB(X) and p € AP(X) with A(w) = A(p) = n, such that 7(A|B™) =
p(A|B}}) for every A € F and for allm = 1,...,n. Then, 7(A|B) = p(A|B) for all A € F and all
B e B.

The previous result implies that every m € A®(X) is determined by the conditional beliefs given
the events in B,. Henceforth, we call B, the collection of m-relevant conditioning events.
Now, we recall the notion of strong belief, first introduced in the literature by Battigalli and

Siniscalchi (1999).

Definition 4. A Borel event A € F is strongly believed under m whenever for each B € B with
AN B # 0 it is the case that 7(A|B) = 1.

Intuitively, the agent is certain of A given B, unless B contradicts A. In this respect, strong
belief is a generalization of probability-1 belief to cases where the agent reasons according to a CPS.
Throughout the paper, let SB(A) C C(X) denote the set of finitary CPS’s that strongly believe A.
We also define SB(A) := SB(A) N C*H(X).

3.3. Epistemic equivalence of extended probability systems

In this section, we introduce our notion of epistemic equivalence between a CPS and LPS, according
to which the two are equivalent whenever they share the same length, and also for every integer m
smaller or equal than the length, the m-th theory of the LPS coincides with the conditional beliefs

given the m-th relevant conditioning event.

Definition 5. Consider some fi € £(X) and some 7 € AB(X). We say that ji is epistemically

equivalent to m whenever it is the case that
(E1) A(f) = A(m) = n,
(Es) p™(A) = m(A|B™), for all Borel A C X and for each m =1,...,n.

This definition of epistemic equivalence is already present, though not formally stated, in Bran-
denburger et al. (2007). A similar definition of equivalence is also used by Halpern (2010), who
relates LPS’s with a special class of CPS’s, the so-called Popper spaces.

Before moving forward, let us first elaborate on the two conditions that constitute our notion of
epistemic equivalence. Firstly, observe that we require the primary hypothesis of the LPS to coincide
with the unconditional beliefs in the CPS. We find this requirement natural, as both models are
generalizations of the standard probabilistic beliefs. Moreover, as we have already discussed in the

previous section, 7(-|B2") describes the conditional beliefs once the agent has discarded the beliefs

10



described by 7(-|B}) and 7(:|B2) ... and n(-|B™'). On the other hand, the m-th theory u™ of an

m—1 In

LPS describes the agent’s beliefs once she has discarded the theories u' and p? ... and p
this respect, 7(-|B") and p™ capture exactly the same idea, i.e., they both describe the beliefs once
the agent has already discarded her beliefs m — 1 times. Finally, the respective lengths describe the
number of times the agent may change her mind due to the fact that her previously-formed beliefs
have been discarded, implying that a notion of epistemic equivalence should require them to be equal.

The following result is due to Brandenburger et al. (2007) and associates every finitary CPS with

an epistemically equivalent LPS.}

Proposition 1 (Brandenburger et al., 2007, Prop. 1). There exists a surjective function 5 : C(X) —
L(X) such that 7 is epistemically equivalent to B(m) for all m € C(X).

First, note that  is the only function mapping each CPS to an epistemically equivalent LPS, as
shown in the proof of the previous result in the Appendix. Moreover, though (3 is surjective — implying
that every LPS is the image of some finitary CPS — it is not necessarily injective, i.e., there may
exist more than one CPS’s which are epistemically equivalent to the same LPS (see Brandenburger
et al., 2007, Ex. 1). However, this can only be the case if the two CPS’s have a different collection of
conditioning events, i.e., if m; € AP(X) and 1 € AP2(X) are such that 7 # 7 and B(m1) = B(m),
then it is the case that By # Bs. The latter follows directly from Lemma 1.

It is important to point out that the previous result relies on the collection of conditioning events
satisfying certain properties (Halpern, 2010, Prop. 3.9), which by the way trivially hold when the B
corresponds to the information sets in a game with perfect recall, and therefore also hold when B is
finitely generated. Otherwise, it follows from Halpern (2010, Ex. 3.8) that there is a CPS with no

epistemically equivalent LPS.!2

Proposition 2. If X is countable, then 3 is Borel.

4. Hierarchies of extended beliefs

Let © be a countable fundamental space. In a game, © denotes the different values that a set of
relevant parameters can take, i.e., each § € © corresponds to a payoff vector (Harsanyi, 1967-68), or
a strategy profile (Brandenburger et al., 2008; Battigalli and Siniscalchi, 2002), or a combination of
the two. Let I = {a, b} be the set of agents, with typical elements ¢ and j.'3

HFor the sake of completeness we also provide a proof in the Appendix.
12T am indebted to one of the referees for suggesting this particular comment.
130ur analysis can be directly generalized to any finite set of agents, in which case we obviously allow for correlated

beliefs, as usual.
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4.1. Hierarchies of lexicographic beliefs

Each agent forms lexicographic beliefs about © (first order lexicographic beliefs), lexicographic beliefs
about © and the opponent’s first order lexicographic beliefs (second order lexicographic beliefs), and

so on. Formally, consider the sequence

@0 = 0O
@1 = @0X£(@0)

Ort1 = O x L(Of)

Definition 6. A lexicographic belief hierarchy (L-hierarchy) is sequence of LPS’s (fiy, fig,...) €
L,(00) X L,,(01) x - -+ for some integer n > 0. Let Ty" := >~ (£,(O0) X L,(01) x - -+ ) denote the

space of all L-hierarchies.

The LPS jix = (ph, .., 1) € L,(O1_1) denotes the k-th order lexicographic beliefs, with u" €
A(O_1) being the m-th theory of the k-th order beliefs. Observe that by definition the £-hierarchy
consists of a sequence of LPS’s with same length, henceforth called the length of the lexicographic
belief hierarchy, and denoted by A(jiy, fia, . .. ).*

As usual, we restrict L-hierarchies to satisfy the standard coherency property, which roughly

speaking says that higher order beliefs do not contradict lower order beliefs. Formally, a lexicographic

belief hierarchy is coherent whenever it belongs to
Tk ={ (fu, fi2,...) € TE marge,  fix = fiy—1, for all k> 1 },

where marge, | fix := (marge, i}, ..., margg _ pp). Observe that by definition, if (fi1, fig, ... ) is
coherent, it is the case that margg jix is an LPS over ©. Throughout, the paper for an arbitrary
measurable space Y, let Lo(© xY) = {i € L(O xY) : margg i € L(O)}. We also adopt the
notational convention that Lg(0) := L(0O).

14This is a standard assumption, even though it is rarely explicitly stated in the literature. The reason is that
most papers start with a lexicographic type space model — which is formally defined later in this paper — from which
they derive the lexicographic belief hierarchies (e.g., Brandenburger et al., 2008). However, in this case each hierarchy
consists by construction of a sequence of LPS’s with the same length, which is the length of the corresponding type.
To our knowledge, the only paper that begins by explicitly constructing lexicographic belief hierarchies is Catonini
(2012), but even there the property of all orders of beliefs being of the same length is implicitly imposed via the

standard coherency restriction, that we also introduce below.
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Notice our definition of an £-hierarchy requires every order of beliefs to be an LPS, and therefore to
satisfy mutual singularity. As we have already discussed in Section 3.1, imposing mutual singularity
on the underlying space of uncertainty can be justified on the basis of agent i receiving direct
verifiable evidence about ©. On the other hand, ¢ cannot receive direct verifiable evidence regarding
Jj’s beliefs, and therefore mutual singularity on the opponent’s beliefs may not be as natural (Heifetz
et al., 2010). However, once we have assumed that (fi1, fiz, ... ) is coherent, it follows directly that fis
satisfies mutual singularity on © x £(0), even if two different theories of fio have exactly the same
beliefs over £(©). Therefore, mutual singularity on higher order beliefs is a direct consequence of
mutual singularity over the underlying space of uncertainty together with coherency, thus implying
that it is not as restrictive as it might seem at first. We further elaborate on this issue in Section 6.

Now, we further restrict L-hierarchies to satisfy common certainty in coherency.'® Formally, for

every £ > 1, we inductively define

T/ ={ (fn, fio,...) €T pyo(© X Projpenyxcen Lii1) = 1,

for all k > 0 and for every m =1,..., A(firs2) } -

For instance, T contains those L-hierarchies which have the property that for every & > 0 all
theories of the k-th order lexicographic beliefs assign probability 1 to the opponent’s lower order
lexicographic beliefs not contradicting each other. Then, the L-hierarchies satisfying coherency and

common certainty in coherency are those in
o
T =T}
=1

Henceforth, unless explicitly stated otherwise, the term lexicographic belief hierarchies refers to L-
hierarchies that satisfy coherency and common certainty in coherency.

Hierarchies of lexicographic beliefs are typically represented by type space models (Brandenburger
et al., 2008). This is a natural extension of the usual representation of belief hierarchies as introduced

by Harsanyi (1967-68).

Definition 7. We define a lexicographic type space model as a tuple (0, T,, Ty, Ao, S\b), where T; is a
Polish space of L-types, and \; : T} — Lo(0 x T;) is a Borel function.

An L-type, t; € T;, is a complete description of agent ¢’s state of mind, thus inducing an L-
hierarchy, as illustrated below. Let \;(t;) := (M (ti), ..., A2 (t:) € Lo(© x Tj).

The first order lexicographic beliefs are given by fi1(t;) = (ui(t:), ..., u7(t;)) € No(Op), where
for each Borel event Ey C O,

P (t:) (Eo) = / dA™ (1)

{(0,t5): OcEp}

15We say that an event is certain under an LPS if it receives probability 1 by every theory of the LPS.
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is the probability that Ey receives by the m-th theory of fi;(¢;). In order to show that fi;(¢;) is an
LPS, it suffices to prove that (L;) holds, i.e., we would like to show that there exist Borel events
Ay, ... A, C O such that ul*(t;)(Ay) = 1 and pf(t;)(A,,) = 0. The latter follows directly from
Definition 7, and more specifically from the fact that margg \(t;) € £(0).

Likewise, the k-th order lexicographic beliefs are given by fux(t;) = (pi(t:), -, () € Nu(Op—1),

where for each Borel event E,_; C ©_1,
i (6) (Bs) = [ N (1)
{0t5): (0,81 (t5)-- k-1 (t5))EER 1}
is the probability that Fjy_; receives by the m-th theory of fix(¢;). Once again in order to prove
that fix(¢;) is an LPS, we use the fact that S\Z(tl) € Lo(© x Tj). More specifically, observe that
1 (t5) (A X £(Og) X - - - x L(O)_2)) = 1 while at the same time pf (¢;) (Ap X L(Og) X - -+ X L(Op_2)) =
0, implying that (L;) holds and therefore fix(¢;) is an LPS over ©_;.

Notice that the previous definition is slightly different compared to the usual one, in that we
require \;(t;) to be an element of Le(© x Tj), instead of simply being an LPS in £(© x T}). The
reason we impose this additional restriction is that otherwise we would have types whose first order
beliefs would violate (L1), implying that they would not correspond to a lexicographic belief hierarchy
as this is defined above. Formally, if a type ¢; is mapped via \; to an LPS outside Lo(©xTj), then it is
the case that ji1(t;) = marge \;(t;) ¢ £(©), implying that (fi(t:), fia(t;), .- . ) is not an L-hierarchy.!f

The following example illustrates such a case.

Example 1. Consider the tuple (0, T,, Ty, A, \o), such that © = {6y,6,}, T, = {t°}, T, = {t}, 3},
and suppose that A, (1) = (AL(12), A2(t2)) is such that AL(£2)(61,¢}) = 1 and A2(£2)(64,) = 1.
Then, observe that the first order beliefs i, (t2) = (p1(t2), 3 (¢2)) violate (Ly), since it is the case
that ! (t2)(61) = p2(t°)(6;) = 1. Hence, ji1(t°) is not an LPS over ©, implying that (0, Ty, Ty, Aa, \y)

is not a lexicographic type space. N

Observe that by construction every L-type is associated with a lexicographic belief hierarchy
that satisfies coherency and common certainty in coherency, and therefore it is an element of TV,
However, this does not imply common certainty in the event that everybody’s L-hierarchy has the
same length, e.g., it may be the case that A(t;) € £,(© x T}), and still for some (6,t,) € Supp (S\Z(tl))
it is the case that \;(t;) € £,,(© x T}) with m # n.

16Several papers in the literature, including Brandenburger et al. (2008), do not require mutual singularity on the
underlying space of uncertainty, but rather only on © x T}, in which case the image of each type does not need to be
in Lo(© x Tj), but merely in £(© x T}). However, if one wants to impose mutual singularity on ©, like for instance

in Heifetz et al. (2010) or in this paper, A;(t;) should necessarily belong to Le(© x Tj).
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Finally, note that 7% should not be viewed as a set of types, but merely as a subset of belief
hierarchies. The reason is that types are in principle abstract objects which have a meaning only
within a type space model, whereas belief hierarchies are self-contained. In either case, later in the

paper, we construct a type space model that induces all belief hierarchies in 7.

4.2. Hierarchies of conditional beliefs

Each agent is endowed with a finitely generated collection of conditioning hypotheses, and forms
conditional beliefs about © (first order conditional beliefs), conditional beliefs about © and the
opponent’s first order conditional beliefs (second order conditional beliefs), and so on. Before mov-
ing forward, let us already point out that our analysis generalizes the standard one by Battigalli
and Siniscalchi (1999), in that we allow players to be uncertain about the opponent’s collection of
conditioning events. We further elaborate on this issue later in the paper.

Formally, for an arbitrary measurable space Y and a finitary collection B of conditioning events
in O, let BxY :={B xY|B € B} denote the cylinders generated by B. Each cylinder in B x Y

corresponds to a conditioning event in © x Y. Moreover, define

SY = {BXY|B€S}
= {{BxY|BeB}|Beg}.

Each element of §y is a different collection of conditioning events in ©® x Y. Observe that §y is

countable, whenever O is countable. Now, let

Uy : =06 So: =73
\Ill = \IJO X C(\IIOaSO) 3/1 = SC(\I/(),S())
Wit1 := Vg < C(Vg, Sk) Skt1 = Se(Wo,30) % xC(Ty,31)

Definition 8. A hierarchy of conditional beliefs (C-hierarchy) is a sequence of CPS’s (my,ms,...) €
AB(Wg) x ABXCT050) (W) x - - - for some B € §. Let T§ := @5 (AP(¥g) x ABXCToSo) (@) x ... )

denote the space of all C-hierarchies.

The CPS 7, € ABXC(W080)x-xC(¥k—2:5-2) (P, 1) denotes the k-th order conditional beliefs, with
75 (1| B x C(Wo,To) X -+ X C(Vj_, F—2)) € A(¥}) denoting the k-th order conditional beliefs given
the conditioning event B x C(Wq, Fo) X -+ X C(Vg_2,Fk—2) € B x C(Vy,50) X -+ X C(Vp_o,Fr_2).
Observe that by definition the C-hierarchy consists of a sequence of CPS’s with the property that

15



the collections of conditioning events are cylinders generated by some fixed B € §. That is, if an
agent’s conditioning events on the fundamental space of uncertainty are those in B € §, then her
collection of conditioning events on Wy, ; contains those in B x C(Wq,Fo) X - -+ x C(Vy, Fx), which
is obviously an element of §;,1. This restriction is already present in Battigalli and Siniscalchi
(1999), with the difference that they only consider cases where §y contains a unique collection of
conditioning hypotheses for each player, and this collection is common knowledge. Henceforth, for
notation simplicity, we write AB(W;_;) 1= ABXC(Vo50)xxC(¥r—2.8x2) (Y, ) and for each B € B we
write m,(+|B) == m, (- | B x C(¥o,Fo) X -+ x C(Vy—2, Fi—2)).

As usual, we restrict attention to conditional belief hierarchies that satisfy coherency, i.e., we
require higher order beliefs not to contradict lower order beliefs. Formally, the coherent hierarchies
are those in

0
TC = U { (71,2, ...) € HAB(\IJk) L margy, , T = M1, for all k> 1 },
Beg k=0

where margy, | m, == (margy, , 7(|B); B € B).
Lemma 2. There exists a homeomorphism f : TS — C(@ X TOC,STOc).

The previous result is a generalization of the standard result by Battigalli and Siniscalchi (1999,
Prop. 1). Accordingly, each coherent C-hierarchy (i, m,...) € TC is identified by a CPS on
(O x T, B x TE), with fB(m,ma,...) € A(© x T{) denoting the conditional beliefs given the
conditioning hypothesis B x T§ € B x T . The previous homeomorphism is a natural one, in that
margy, | fP(m,m,...) = m(-|B) for all k > 0 and every B € B.

We further restrict conditional belief hierarchies to satisfy not only coherency, but also common

certainty in coherency. Formally, for each ¢ > 1, define
7 = {teT{ : fP(t)(© x T ) =1, for all B € B}.

For instance, TS contains those C-hierarchies which have the property that for every k > 0 the k-th
order conditional beliefs given each conditioning event B x C(Wy, o) X -+ X C(Vj_o, Fr_2) assign
probability 1 to the event that the opponent’s lower order conditional beliefs will not contradict
each other. In other words, (m,m2,...) € [[1e, A®(¥;) belongs to T§ whenever for each B € B,
fP(my,m,...) attaches probability 1 to the opponent being coherent. Then, the conditional belief

hierarchies satisfying coherency and common certainty in coherency are those in
o
T7¢:= 17
=1

Henceforth, unless explicitly stated otherwise the term conditional belief hierarchies refers to C-

hierarchies that satisfy coherency and common certainty in coherency.
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Hierarchies of conditional beliefs are typically represented by type space models (Battigalli and
Siniscalchi, 1999). This is the natural extension of Harsanyi’s construction to the case of conditional

belief hierarchies.

Definition 9. We define a conditional type space model as a tuple (0, Ty, Ty, ga, g»), Where T; is a
Polish space of C-types, and g; : T; — C(© x T}, §r,) is a continuous function.

A C-type, t; € T;, is a complete description of the agent’s epistemic state, in that it is associated
with a C-hierarchy, as shown below. Let g;(t;) := (9”(t;) ; B € B) € AP(© x T}), with B being the
collection of conditioning hypotheses associated with ;.

The first order conditional beliefs are given by m(t;) € AP(¥;), where for each Borel event
Ey C Wy,

m(t)(EalB) = | a2t

{(6,t;): 6€Eo}

is the probability that Fy receives given the conditioning hypothesis B. Verifying that m(¢;) is a
CPS is straightforward.

Likewise, the k-th order conditional beliefs are given by m4(t;) € AB(¥,_,), where for each Borel
event B,_1 C Wy,

m(t) (B |B) = | 4ot
{6t5): (0,m1(t5),Th—1(¢5))EER—1}

is the probability that Fj_; receives given the conditioning event B X C(Wy, o) X -+ - X C(Vy_o, §k_2)-
Once again, it is straightforward verifying that 7 (¢;) is a CPS. Moreover, observe that by construction
the C-hierarchy (m(t;), m2(t;), ... ) satisfies coherency and common certainty in coherency. However,
this does not imply common certainty in the event that every player has the same collection of

conditioning events, as illustrated in the next example.

Example 2. Consider the conditional type space (0, T,, Ty, ga, g»), where © = {0;,05}. Notice that
§ = {B1, B>} where By ={ {61,6,} } and By ={ {6:},{6.}, {61,062} }. Suppose that T, = {t}} and
T, = {t}, 12} are such that g;(t¥) € AB(© x T}), and assume that gi*"*} (#1) assigns probability 1/4
to each (0,t;) € © x T,. Then, observe that t! is not certain about b’s collection of conditioning

events, as both By and B, are deemed equally likely (given the unique conditioning event {6, 6,}). <

Battigalli and Siniscalchi (1999) showed that if it is the case that §y = {B}, then there exists a
conditional type space model such that for every conditional belief hierarchy there exists a unique
type associated with it, while at the same time the function g; : T, — AB(© x T}) is a homeomor-
phism, implying that every conditional belief is associated with some type. Their result naturally

extends the standard result by Mertens and Zamir (1985) and Brandenburger and Dekel (1993) to
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the space of conditional beliefs. Below, we further generalize Battigalli and Siniscalchi’s construction

by introducing uncertainty about the other agent’s collection of conditioning events.
Proposition 3. There exists a homeomorphism g : T — C(© x T, Frc).

For every B € B, let g®(m,m,...) € A(© x T) denote the conditional beliefs given B x T°.
Once again, g is a natural homeomorphism, in that margy,  ¢”(m, m2,...) = m,(-|B) for all k > 0

and every B € B.

5. Epistemic equivalence of hierarchies of extended beliefs

5.1. Definition and existence

Recall the notion of epistemic equivalence between a CPS and an LPS, formally introduced in Defini-
tion 5. Accordingly, the two are equivalent whenever they share the same length, and the m-th theory
of the LPS coincides with the conditional probability measure given the m-th relevant conditioning
hypothesis of the CPS.

This notion of epistemic equivalence naturally applies to first order beliefs, thus inducing the
concept of first order epistemic equivalence between first order conditional beliefs and first order
lexicographic beliefs. Formally, fi; € L(©y) is first order epistemically equivalent to m € C(¥q, o)
whenever it is the case that 5(m) = iy.

However, the previous concept of epistemic equivalence cannot be directly extended to higher
order beliefs, as the k-th order lexicographic beliefs are defined on a different space than the k-th
order conditional beliefs. For instance, the second order lexicographic beliefs are described by an
LPS over ©; whereas the second order conditional beliefs are described by a CPS over ¥;. Thus,
in order to define second order epistemic equivalence between second order lexicographic beliefs and
second order conditional beliefs, we first need to translate each event in ©; to an event in ¥;. In
order to do this, we define the Borel surjective function 8y : Wy — ©; by £1(0,m) = (0,6(%1)).
Then, we say that jio € L£(0O1) is second order epistemically equivalent to my € C(Vq,F1) given [
whenever A(fis) = A(m) = n, and p3'(E1) = (B (E1) | B2), for all Borel events E; C ©; and
for every m=1,...,n.

Notice that in order to define second order epistemic equivalence, it is necessary to first introduce
the Borel function ;. Otherwise, the Borel event E; C ©; could not be expressed as a Borel event
in WUy, and therefore second order conditional beliefs about F; could not be expressed in the first

place.
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Higher order epistemic equivalence is inductively defined in an analogous way. Firstly, some
more notation is needed: Let T§ := Projy, (© x T%) and T§ := Proje, (© x T*), and notice that

specifically for £ =1 it is the case that Tgl = U; and Tél = 0.

Definition 10. Fix an arbitrary & > 0, and consider (0, fiy, ..., fix+1) € Tékﬂ and (6, 7y,..., k1) €
TC

w,.,- Suppose that there exists a Borel surjective function [ : Tgk — T@Lk. Then, we say that fig,q

is (k+1)-th order epistemically equivalent to 1 given ), whenever
(BT) Alfirs1) = M) = n,
(EY) w1 (By) = mn (B, (Ew) | BZ;H), for all Borel events E, C T and every m =1,...,n.

Furthermore, if it is also the case that Sx(0, 71, ..., m) = (0, fi1, - . ., fix), we say that (6, fi1, ..., figr1)
is up to (k+1)-th order epistemically equivalent to (0,1, ..., Tr41) given fy.

Notice that the previous definition restricts attention to hierarchies that satisfy coherency and
common certainty in coherency, i.e., the function 8y maps elements of Tgk to elements of Ték, rather
than elements of ¥, to elements of ©,. This is a natural restriction as — at least to the best of our
knowledge — the entire literature focuses exclusively on agents whose belief hierarchies have this type
of internal consistency.

Before moving forward, let us elaborate on the previous definition. First, observe that higher
order epistemic equivalence is defined inductively. As we have already mentioned, this is necessary in
order to make sure that k-th order lexicographic beliefs can be translated to k-th order conditional
beliefs, before associating (k + 1)-th order lexicographic beliefs with (k + 1)-th order conditional
beliefs. Then, once we have introduced the function f, our notion of (k + 1)-th order epistemic
equivalence follows the same logic as the notion of epistemic equivalence that was introduced and
discussed in Section 3.

Since (k + 1)-th order epistemic equivalence relies on the existence of a Borel surjective function

B, it is important to make sure that such a Borel surjective function exists for every k£ > 0.
Lemma 3. There exists a sequence of Borel surjective functions {fy, : Ty, — T& 132, such that
(i) Br(0,m) = (0:ﬁ<771)) for all (0,7,) € T\gl;

(ii) (0,71, ...,m) is up to k-th order epistemically equivalent to py(0, 7, ..., m) given By_1 for all

0, m1,...,7) € T‘gk, and for each k > 1.

Henceforth, whenever we refer to a sequence {5}, of Borel surjective functions, we implicitly
assume that it satisfies conditions (i) — (ii) of the previous lemma. Then, following the previous
result, we can now define a notion of epistemic equivalence between a hierarchy of lexicographic

beliefs and a hierarchy of conditional beliefs.
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Definition 11. We say that an L-hierarchy (fiy, fio,...) € T* is epistemically equivalent to a C-
hierarchy (71,7, ...) € TY if for some sequence {3}, of Borel surjective functions, it is the case

that Og(0, 71, ..., m) = (0, fi1, ..., fix) for each k > 0.

Then, the following result follows directly from Lemma 3. The proof relies on the fact that for
every k > 0 if (7, 7m2,...) € T¢ then (0,m,...,m) € T\I?k’ and likewise if (fiy, fig,...) € T then
(971&17 s 7lak> € Ték

Theorem 1. There exists a Borel surjective function h : T¢ — T* such that (71,7, ...) is epistem-

ically equivalent to h(my, s, ...) for all (my,m,...) € TC.

The fact that the function h is Borel implies that we can map Borel events from the space of
lexicographic belief hierarchies to Borel events in the space of conditional belief hierarchies, implying
that the language used by players whose reasoning is modeled with lexicographic probability systems
can be translated to the language used by players whose reasoning is modeled with conditional
probability systems.

It follows from h being a surjective function that every L-hierarchy is the image of some epis-
temically equivalent C-hierarchy, even if the L-hierarchy is such that agent is uncertain about the
length of the opponent’s first order lexicographic beliefs. Then, it may be the case that the only
epistemically equivalent C-hierarchy has the property that the agent is uncertain about the oppo-
nent’s collection of conditioning events. The latter illustrates why we have extended the standard
construction of Battigalli and Siniscalchi (1999) in a way that permits the agent to be uncertain

about the opponent’s B € §. We further elaborate on this issue in Section 6.

5.2. Equivalence of types spaces

Recall the standard way of representing C-hierarchies and L-hierarchies via the corresponding type
space models. A natural question that arises at this point is whether there exist conditions imposed
directly on the type space models which lead to epistemic equivalence between the conditional belief
hierarchy associated with a C-type and the lexicographic belief hierarchy associated with an L-type.
The following result shows that this is in fact possible.

Theorem 2. Consider two Polish spaces T, and Ty, and let (©, Ty, Ty, ga, gp) and (©,T,, T, Ao, S\b)
be a conditional type space model and a lexicographic type space model respectively, such that the LPS
S\Z(tl) € Lo(O x T}) is epistemically equivalent to the CPS g;(t;) € C(© x T},§1;) for all t; € T; and
all i € {a,b}. Then, (fu(t;), fa(ts),...) € T" is epistemically equivalent to (m(t;),m2(t;),...) € T°

for every t; € T;.

20



In the previous theorem, notice that for each player ¢ the space of C-types coincides with the
space of L-types. This is not necessary, as long as the two are homeomorphic. In either case, a
type is an abstract object which has some specific meaning only in the context of a type space
model. Therefore, using the same type space of types in the two models or simply using different
(homeomorphic) type spaces does not affect our analysis.

An interesting consequence of the previous result is that we do not need to use the functions

{Br}32, in order to verify that an L-hierarchy is epistemically equivalent to a C-hierarchy.

5.3. Terminal lexicographic type space

So far in the literature there is no general result about the existence of a terminal lexicographic type
space, i.e., one inducing all £-hierarchies from T7.'" One of the difficulties with this construction is
the fact that there is no general result about the topological structure of £(X), even when X is a
Polish space.'® In this section, we use the equivalence results established above, together with the

homeomorphism of Proposition 3, to prove the existence of such a large type space.

Theorem 3. There exists a Polish type space T and a Borel surjective function AT — Lo(O©xT)
such that for each (ji1, fiz,...) € T* there exists some t € T with (ji1(t), fiz(t),...) = (ji1, fiz, ... ).

Notice that the function \ is not injective, implying that there may exist redundant types in 7'
This is due to the fact that the previous result uses the equivalence result established in Theorem 1,
according to which the function h : T¢ — T is surjective but not injective. An open question for

future research is to construct a complete lexicographic type space model without redundant types.*?

5.4. Common assumption versus common strong belief

In the standard model of belief hierarchies, one concept of particular interest is common belief. Ac-

cordingly, an event is commonly believed if everybody believes it, everybody believes that everybody

I"There is no consensus in the literature regarding a term that describes a type space with the property that for
every belief hierarchy there exists a type inducing this hierarchy. In this paper, we follow Friedenberg (2010) and

Perea (2012, p. 131) who call such a type space terminal.
18Recall that £(X) is Borel (Brandenburger et al., 2008, Cor. C.1). However, we do not know whether it is closed

in N(X) or not, implying that £(X) may not be Polish, and therefore we cannot directly apply the Kolmogorov

extension theorem.
Tn a slightly different framework that allows first order beliefs to violate mutual singularity, Catonini (2012)

constructs a non-redundant terminal type space model for lexicographic belief hierarchies. The difference is that in
his setting, lexicographic beliefs are not restricted to satisfy (Li), implying that they form a Polish space. Therefore,

the Kolmogorov extension Theorem can be used, similarly to Brandenburger and Dekel (1993) and unlike this paper.
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believes it, and so on. The analogue of common belief in an environment where agents reason ac-
cording to lexicographic belief hierarchies is common assumption, whereas if agents reason according
to conditional belief hierarchies the corresponding notion is common strong belief.

The question that naturally arises at this point is whether our notion of epistemic equivalence
between C-hierarchies and L-hierarchies implies equivalence between common strong belief and com-
mon assumption. In other words, does common strong belief of a Borel event £ C © x T, x T} at
some state imply common assumption of the same event, and vice versa? In general, the answer is
negative, as according to Brandenburger et al. (2007, Ex. 3), an event may be strongly believed by
a (non-full-support) CPS and still not assumed by the equivalent LPS. Thus, we restrict attention
to full-support beliefs.

Proposition 4. Consider a countable © and two Polish spaces T, and Ty, and let (©,T,, Ty, ga, g)
and (@,Ta,Tb,S\a,S\b) be a conditional type space model and a lexicographic type space model such
that Mi(t;) € LE(© x Ty) is epistemically equivalent to g;(t;) € CT(© x T},81;) for all t; € T; and
every i € {a,b}. Consider some Borel event E C © x T, x T,. Then, at some epistemic state (t,,tp),

the event E is commonly strongly belief if and only if it is commonly assumed.

The previous result is the first one in the literature — at least to our knowledge — directly relating
common assumption and common strong belief. Given that the two notions are extensively used for
the characterization of various solution concepts, we believe that Proposition 4 can have important
implications for the analysis of games, e.g., if we fix a conditional type space model and a lexicographic
type space model satisfying the equivalence conditions stated in the previous result, “rationality and
common strong belief of rationality” (RCSBR) coincides with “rationality and common assumption
in rationality” (RCAR). Of course, our result does not resolve the tension between the impossibility
result in Brandenburger et al. (2008, Thm. 10.1) and the positive result in Battigalli and Siniscalchi
(2002, Prop. 6), as the type space models in Proposition 4 differ from the ones considered in these
two papers.?® Moreover, we do not provide conditions under which RCAR and RCSBR are empty
events. What we do instead, is to provide conditions under which the two concepts are essentially

equivalent. We further discuss the relationship between RCAR and RCSBR in the next section.

20Brandenburger et al. (2008) showed that in complete continuous lexicographic type space models, RCAR is an
empty event. On the other hand, Battigalli and Siniscalchi (2002) showed that in complete continuous conditional
type space models, RCSBR is non-empty. For the precise definitions of complete continuous type space models, we
refer to the corresponding papers, while for a discussion on the relationship between the two results, we refer to the

supplementary material of Brandenburger et al. (2008).
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6. Discussion

6.1. Mutual singularity

Recall that mutual singularity captures the idea that the supports of the different theories of an LPS
do not overlap “much”. This assumption has been already motivated for countable spaces with the
discrete topology, in which case it is equivalent to assuming that the supports of the different theories
are disjoint. This equivalence would not hold in general Polish spaces, in which case the condition
of disjoint supports is only sufficient for mutual singularity, but not necessary. In fact, generalizing
the decision-theoretic foundation of Blume et al. (1991a) for LPS’s that satisfy (L;) in an arbitrary
space remains an open problem.

Nonetheless, throughout this paper, we only consider £-hierarchies (fi1, fi2,...) € T such that
for every k > 0 it is the case that the different theories (yu, ..., u?) of fi, have disjoint supports. This
follows from the fact that (i) © has been assumed to be a countable space with the discrete topology,*!
and (ii) coherency is imposed. In particular, as we have already mentioned in Section 3, the fact
that © is countable implies that fi; € L£(©) satisfies the condition of non-overlapping supports.
Furthermore, it follows form the standard coherency assumption that for every £ > 1 and for every
m=1,...,n, it is the case that Supp(u}*) C Supp(ui*) x L(Og) X -+ X L(Of_3). Intuitively, this is
because, as we have already pointed out in Section 4, in practice we only impose mutual singularity
on the beliefs about the underlying space of uncertainty, and not about the opponents beliefs.

Finally, let us stress that so far, there is no consensus in the literature when it comes to assuming
mutual singularity or not, i.e., some game-theoretic applications impose it (e.g., Brandenburger et
al., 2007, 2008; Heifetz et al., 2010; Keisler and Lee, 2011), while others do not (e.g., Blume et al.,
1991b).

6.2. Cardinality and topology of the underlying space of uncertainty

Throughout the paper, we have mostly focused on a countable underlying space of uncertainty ©
endowed with the discrete topology. The reason for doing so is a technical one, and stems from the
fact that if © was assumed to be uncountable, the collection of finite algebras, and therefore § would
not be a countable set. Hence, the space of finitary CPS’s would become the topological sum of
uncountably many Polish spaces, and therefore it would not be necessarily Polish. As a consequence
our analysis would not be valid any more.

At the same time, assuming that O is endowed with the discrete topology is also necessary, as

otherwise there would exist some collections B € § that would not consist of clopen conditioning

21See the next section for further discussion on this assumption.
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events, and the latter is crucial for our results, as well as the ones by Battigalli and Siniscalchi (1999).
For instance, in such a case we would not be able to establish the existence of the homeomorphism
g from Proposition 3. In any case, though we recognize that there are certain applications in eco-
nomics with an uncountable space of parameters, we still find that our results sufficiently general to

accommodate most interesting cases.

6.3. Uncertainty about the opponent’s collection of conditioning events

As it has been already stated, T¢ contains hierarchies of conditional beliefs that express uncertainty
about the opponent’s collection of conditioning events. On the one hand, such a generalization of
Battigalli and Siniscalchi (1999) is interesting from a game-theoretic point of view, as it provides a
framework for studying dynamic games with players who are uncertain of the opponents’ information
partition (e.g., Zuazo-Garin, 2013). On the other hand, as it has been already mentioned, extending
the model in a way that allows players to have this additional type of uncertainty is necessary for
a technical reason. Namely, our main aim in this paper is to relate lexicographic belief hierarchies
and conditional belief hierarchies, which we do in Theorem 2, and this would not have been possible
without allowing this additional layer of uncertainty. The reason is that there are t, € T* such that
every epistemically equivalent ¢, € h™1(#,) is associated with a CPS over © x T¢ that deems possible
C-types of the opponent with different collections of conditioning events. This is often the case, when
ty is associated with an LPS that deems possible L-types of the opponent with different lengths. Let

us illustrate this with an example.

Example 3. Let © = {6;,0,} and suppose that a deems equally likely that (i) b’s first order
lexicographic beliefs have only one theory assigning probability 1 to {6}, and (ii) b’s first order
lexicographic beliefs have two theories with the primary one assigning probability 1 to {6;} and
the secondary one assigning probability 1 to {62}. Now, the only way to construct b’s first order
conditional beliefs which are epistemically equivalent to b’s first order lexicographic beliefs in (i),
is to let b’s collection of conditioning hypotheses be {{6;,0:}}, as otherwise the length of the LPS
capturing these beliefs would be equal to 2. At the same time, in order to construct b’s first order
conditional beliefs which are epistemically equivalent to b’s first order lexicographic beliefs in (ii),
we need to let b’s collection of conditioning hypotheses be {{0,6},{0,},{02}}. Thus, in order to
construct a C-hierarchy of a that is epistemically equivalent to a’s L-hierarchy that contains these
second order lexicographic beliefs, it is necessary to allow a to be uncertain about b’s collection of

conditioning events. <
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6.4. Common strong belief in rationality versus common assumption in

rationality

One of the recent questions within epistemic game theory is to further clarify the relationship between
the impossibility result from Brandenburger et al. (2008, Thm. 10.1), according to which the event
RCAR is empty in a complete continuous lexicographic type space model, with the positive result in
Battigalli and Siniscalchi (2002, Prop. 6), according to which the event RCSBR is non-empty in a
complete continuous conditional type space model. As we have already mentioned, our Proposition
4 does not resolve the tension between these two results, but merely provides conditions under which
the two concepts are equivalent, and therefore yield the same predictions. However, it is important
to point out that many of our conditions are not present in either Brandenburger et al. (2008), or in
Battigalli and Siniscalchi (2002).

Firstly, notice that we allow for uncertainty over the opponent’s collection of conditioning events,
contrary to Battigalli and Siniscalchi (2002). Secondly, unlike Brandenburger et al. (2008), we restrict
attention to lexicographic type spaces with the property that the marginal distributions over the
underlying space of uncertainty form an LPS. Thirdly, observe that Battigalli and Siniscalchi (2002)
do not restrict attention to full-support C-types, implying that common strong belief of rationality
may not imply common assumption of rationality in the corresponding L-type space. Finally, the
negative result of Brandenburger et al. (2008) relies on the lexicographic type space being complete,
implying that there exists at least one type for each player associated with a non-full support LPS,
which is not the case in Proposition 4.

Concluding, although further research is needed in order to clearly understand the relationship
between the two notions, we can conclude that RCAR and RCSBR are not equivalent in general, but
only under additional conditions. Still, our result provides a new tool for studying solution concepts,
e.g., sufficient epistemic conditions for a solution concept in terms of RCSBR in a C-type space with
full-support types, would immediately yield the corresponding sufficient conditions for this solution

concept in terms of RCAR.

A. Proofs of Section 3

Proof of Lemma 1. Consider arbitrary A € F and B € B. If n(AN B|B") = p(AN B|B}") = 0 for all
m = 1,...,n, then it follows directly that w(A|B) = p(A|B) = 0. Suppose instead that m is the smallest
number in {1,...,n} such that 7(A N B|B}") = p(AN B|B}") > 0. Observe that AN B € F and B € B,
while at the same time ANB C B C B. Then, it follows by (C3) that 7(ANB|BY*) = n(ANB|B)-m(B|BY"),
implying that 7(A|B) = n(ANB|B")/m(B|By"). Likewise, we show that p(A|B) = p(AN B|B}")/p(B|B}").
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Observe that the right-hand sides of the previous two equations are equal, implying that 7(A|B) = p(A|B),
which completes the proof. O

Proof of Proposition 1. Firstly, we show that for every m € C(X) there is a unique i € £(X) such that
fi is equivalent to 7: Let m € AB(X) for some B € §. Define, ji = (..., u") € Npo(X) by ™ := n(-|B™),
and observe that the collection {(Bl\ B2),...,(B" '\ B?), B"} of Borel events satisfies (L;), implying
that @ € £(X). Moreover, notice that by construction A(ji) = A(m). Suppose that there exists some other
v € L,(X) which is equivalent to 7. Then, it follows by definition that v™ = 7(:|BJ*) for all m = 1,...,n,
implying that p™ = v". Secondly, we show that for every i € £,,(X) there is some equivalent = € C(X):
Consider some fi = (u',...,u") € £,(X). Then, by (L), there is a collection of Borel events {Ay,..., A,}
such that ™ (Ay,) =1 and p™(Ay) = 0. Define the partition P := {Bj,..., By} by By, := A \ (U#m Ay)
foreachm=1,...,n—1and B, := A, U (X \ (BiU---U Bn,l)). Let the finitely generated collection
B be the closure of P with respect to union, and define B, = {BL,..., B2} by B™ := X \ (Uy<,, Be)-
Now, define 7 : F x B — [0,1] such that 7(-|B}") := pu™ for all m = 1,...,n. For every B € B, consider
the smallest m € {1,...,n} such that =(B|B}") > 0, which by construction always exists. Then, for every
A€ F,let n(A|B) := n(AN B|B™)/x(B|B™). Finally, verify that 7 € AB(X), with B, being the collection

of m-relevant events, which completes the proof. O

Proof of Proposition 2. First, we show that AB(X) := {p € AB(X) : B, = B,} is closed in [A(X)]5.

Observe that AB(X) can be rewritten as

AB(X)N ({pe AX) : p(BL\ B2) > 1} x - x {p € A(X) : p(B") > 1} x A(X) x -+ x A(X)).

given 7-relevant events given other events in B

Since X is countable, it follows that B is a collection of clopen events, and therefore AB(X) is closed in
[A(X)]B (Battigalli and Siniscalchi, 1999, Lem. 1). Moreover, it follows from Aliprantis and Border (1994,
Cor. 15.6) that {p € A(X) : p(B™\ B™1) > 1} is closed in A(X) for every m = 1,...,n — 1, and therefore
{pe AX):p(BI\B2) > 1} x---x{p€ A(X) : p(B?) > 1} x A(X) x --- x A(X) is also closed in [A(X)]5,
which proves our claim. Now, let £ C £(X) be Borel, and notice that

pHE) = [T (ENN(X))

n=1
- U (871 (BN N(x)) N A5(X))
n=1BeF AB(X)CAB(X)
= U U {realX):8(p) e EnNL(X)} (1)

n=1Be§ AB(X)CAB(X)

Fix some n > 0 and observe that ENA,,(X) is a Borel subset of N,,(X). Since X is separable and metrizable,
E NN, (X) is generated by Borel rectangles of the form of

{peAX):p(A1) > a1} x - x{pe AX) : p(An) > an} C N, (X).
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where A,, C X is Borel and a,, € [0,1] for each m = 1,...,n. Therefore, for any B € § and an arbitrary
7 € AB(X), the event { p € AB(X) : B(p) € ENN,(X) } is generated by events of the form

{peAZ(X):B(p) € {p € AX) :p(A1) > an} x - x {p € A(X) : p(Ay) > an} }
= {peAZ(X): p(Ai|By) > a1 } n---n{ p € AZ(X) : p(An|BY) > ay }
= Aff(X) N ({pe AX):p(A)) > a1} x - x{peA(X):p(A,) > ap} x A(X) x -+ % A(X)).

-~
beliefs given w-relevant events given other events in B

subset of [A(X)]B

Since X is separable and metrizable it follows that {p € A(X) : p(A) > )} is Borel in A(X), and
therefore {p € A(X) : p(41) > a1} x -~ x{p € A(X) : p(4n) > an} X A(X) x -+ x A(X) is Borel in
[A(X)]P, which together with the fact that AB(X) is closed, implies that { p € AB(X) : B(p) € ENN,L(X) }
is generated by Borel events, and therefore it is Borel itself. Finally, it follows from X being countable that

T is also countable. Hence, by Eq. (1), ~!(E) is Borel which completes the proof. O

B. Proofs of Section 4

Proof of Lemma 2. First, we inductively show that every W, is Polish. It holds by assumption that ¥
is Polish, and suppose that Wy, is also Polish. Observe that Wy, 1 can be rewritten as Wy x (@Bes AB(\I/k)).
Recall that, since B contains only clopen events, AP(¥},) is Polish (Battigalli and Siniscalchi, 1999, Lem. 1).
Furthermore, notice that § is countable, implying that 69863 AB (Pg) is Polish, and therefore so is W 1.
Now, consider an arbitrary (m1,72,...) € TF such that m, € AB(¥; 1), and fix some B € B. Then, it
follows from Kolmogorov extension theorem (Aliprantis and Border, 1994, Cor. 15.27) that there exists a
unique probability measure 7(-|B) € A(© x T§') such that margy, | 7(:|B) = m(-|B) for all £ > 0. Now
consider the collection of probability measures 7 := (7(-|B) ; B € B) € [A(OxT{')]?, and we show that 7 is
a CPS. First, notice that (C1) and (Cy) are trivially satisfied. Then, consider a Borel event A C © x T§', and
two conditioning events B,C' € B such that B C C. Observe that A = (72, (Proj\pk A X HZ’ikC(\Ifg,Sg)),
thus yielding

m(AIC x TE) = 7r<ﬁ (Proj\pk A x ﬁc(\ﬂe,&)) ‘ ¢ x TUC>

k=0 =k
= kli_)mz;o7T<P1roj\1,1€ A X EC(‘I’&&) ‘ C x TOC)
k
= kli_)n;owk_,_l (Proj\pk A ‘ C x Kl_l[;c(\l’ey%'z))

k k k
= kli_)IgoﬂkH(PTOj\pk A ‘ B x HC(‘I’Z,&)) '7Tk+1<B x [ C(¥e, 3e) ‘ C x HC(‘I’A&))
=0 =0 =0

= 7(AIBxT) n(BxTY|C x TS),
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implies that 7 satisfies (C3). The latter induces a function f : T¢ — C(6 x TC,STOc). Then, we show
that f is an injection: Suppose that (my,ma,...) € TC and (7}, 7),...) € TE are such that f(m,m2,...) =
f(rh,mh, ... ). Recall that

Ter1 = margy, f(m,m2,...)
= marg‘l!kf(ﬂ-/hﬂ-éa”')

/
= Tk+1

for all k£ > 0, implying that (m,7me,...) = (7}, 75 ...), thus proving that f is injective. Then, we show that
[ is a surjection: Let m € AB(© x T) for some B € §, and define the sequence (margy, m, margy, m,...).
Observe that by construction margy, m € AB(¥}), and furthermore (margy, 7, margy, ,...) satisfies co-
herency, implying that f(margy, m, margy, 7,...) = m, which proves that f is surjective. Finally, proving

that f and f~! are continuous is done identically to Battigalli and Siniscalchi (1999, Prop. 1). O

Proof of Proposition 3. Let T§ := {t € T : f(t) € AB(© x T)}, and observe that T¢ = Upezit €
TS : fB()(©xTY) = 1,VB € B}. The remainder of the proof replicates the one of Battigalli and Siniscalchi
(1999, Prop. 2). O

C. Proof of Section 5

Proof of Lemma 3. We proceed inductively. Firstly observe that since T\I(,J1 = ¥y and T, eLl = Oy, it
follows directly from Propositions 1 and 2 that there exists a Borel surjective function g; : T\I(fl — Tél
defined as in (7). Secondly, consider an arbitrary (0,7, m2) € T, \1(7; with A(m) = A(m2) = n, and define
(0, i1, f12) € © X N, (©g) x N,,(©1) such that (6, 1) = 51(0,71) and

W3 (Er) = mo (7 (En) | B

for all Borel E; C Tél and every m = 1,...,n. Observe that since we already have the function g, such a
(6, /i) exists, and moreover it belongs to T, . Then, we move on to show that i € £(©1): It follows from
(0,71, 72) € Ty, that the mo-relevant events By, = {Bs,,...,B%} = {B' x C(¥0,J0), ..., B" x C(¥q,F0)}

w2

are such that {B1,..., B"} = B;,. Then, define the collection Fj := {A],..., A7} of subsets of ©; by
AY = (B\ B"Y) x L£(©y)

= Bi((B"\ B*) x C(¥0,50))
= BB, \ B

™2

for each ¢ = 1,...,n, and with the convention that B"*1 = B;‘jl = (. Now, notice that ud'(AJ") =
mo(Bm \ B | Bm) =1 for each m = 1,...,n, and uj'(A5) = mo (B, \ BEF | BI) = 0 for each £ # m,

2 2

implying that i = (u3,..., %) € £(©1). Furthermore, showing that fip is the unique LPS in ©; that is
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second order epistemically equivalent to mo is straightforward by replicating the corresponding part of the
proof of Proposition 1. Thirdly, we show that margg fio = fi1, which would then imply that (0, fi1, fi2) € T, 51.
Consider an arbitrary £ C ©, and observe that

marge 1" (E) = marge mo(E|BL)
= m(E|BD)

= pi'(E),

which proves our claim. Hence, there exists a function 39 : T, 52 — T (52 such that every (0, 71, m2) € ng isup
to second order epistemically equivalent to B2(0, w1, m2) € T, (52. Now, we show that s is surjective. In order
to do that, we first need to show that there exists a Borel section of 31, i.e., a Borel function 4y : T(gl — Tgl
such that the composition 1 o d; is the identity function. Fix an arbitrary (0, i) € T, @Ll and observe that
since (31 is surjective, there exists at least one (6,m) € Tgl such that 1(0,71) = (0, fi1). Moreover, if there
exists another (0, 7)) € Tgl with 81(6, 7)) = (0, f11), then 71 and 7} have a different collection of events (by
Lemma 1). Hence, it follows from § being countable that there are at most countably many elements of Tgl
that are equivalent to (6, fi1). Therefore, we can select one of them, thus constructing a section §;. Proving
that §; is a Borel function follows similar steps as those in the proof of Proposition 2: Take an arbitrary

Borel event E; C Tgl, and observe that

o) = J o (Bin (e x AB(w))
Beg
= |J {0.) € TE, :61(0,1n) € BEr 1 (6 x AB(Ty)) } .
Beg

Now, observe that E1 N (© x AB(¥g)) C © x [A(¥)]? is generated by Borel rectangles of the form

Ey x{pe A(¥y):p(A1) > a1} x -+ x{p e A(¥y) : p(AN) > an}

~
corresponding to the events in

where A, C ¥, is Borel and a,, € [0,1]. Therefore, the event { 0,01) € Tél 2 01(0,11) € E1 N (@ X
AB(Wg)) } is generated by events of the form

{ (0,1) € T&, : 61(0, fin) € Eo x {p € A(¥o) : p(A1) > ar} x -+ x {p € A(¥g) : p(Ax) > an} }

which can be rewritten as the union over all AB(¥y) C AB(Wg) of the events

{(0,n) € T8, : 61(0, fn) € Eox (AZ(To)N({p € A(¥p) : p(A1) > ar}x---x{p € A(¥g) : p(An) > an})) } -

The previous event contains only (6, /i1) € T@L1 that are mapped via d; to (0,m) € T, \191 such that m €
Af (Ug), implying that they are determined by the conditional probabilities given the m-relevant events.

Therefore, the previous event can be rewritten as

{ (0.1n) € TE, : 616, i) € Eox (AZ(To)N({p € A(Wo) : p(A1) = ar} x --- x {p € A(Wp) : p(An) 2 an})) },

corresponding to the events in B
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which in turn is equal to

Tél N (E(] X {p S A(@o) :p(Al) > 051} XX {p € A(@O) :p(Al) > 041}).

subset of N, (0¢)

Observe that the latter is Borel, and therefore so is the union of these events over all AB(¥y) C AB(Wy).
Hence, { (0,/u) € T, : 61(0,/11) € E1 N (O X AB(1)) } is also Borel, since it is generated by countably
many Borel events. Finally, take the union over B € §, thus obtaining the Borel event §; 1 (E1), which proves
that d; is a Borel section. Then, it follows that every Borel measure on Tél can be pushed forward via
51_1 to Tgl, i.e., for every Borel probability measure g € A(TQLl) take g o 51_1 € A(T\I(fl) (Aldaz and Render,
2000). Therefore, for every (0, fi1, fi2) € Téz there exists an up to second order epistemically equivalent
(0,m1,m2) € T\%;, which proves that s is surjective. Finally, the proof that £ is Borel replicates the one
of Proposition 2. Replicating the previous steps for each k£ > 1 proves by induction that a Borel surjective

function By exists for every k& > 1. O

Proof of Theorem 2. The proof proceeds by induction. Consider an arbitrary ¢; € T; such that A(?Tk(ti)) =
A(fig(t;)) = n for each k > 0, and observe that by assumption gi(ti)(E|B;’;(ti)) = \""(t;)(F) for every Borel
E CO xTjand all m=1,...,n. Then, for every Borel Fy C © and all m = 1,...,n we obtain

W () (Eo) = / P
{(G,tj)ZQGEo}

Bgi
= dgi Zz (tl)
{(e,t]‘):eeEU}

= m(t:)(Eo | By )

which proves that 7(¢;) is first order epistemically equivalent to fi;(¢;). Then, it follows that for every
Ey C Tk itis the case that { (0,t;) € ©xT; : (0, fi(t;)) € Er }={ (0,t;) € OxT; : (6, m(t;)) € By ' (E1) }.
Now suppose that for an arbitrary k& > 1, every (9,771(ti), e ,wk,l(ti)) € T\gk—l is up to (k — 1)-th order
epistemically equivalent to (9, f(ti), ... ,ﬂk_l(ti)) € Tékil, and also for every E,_1 C TéJk,l it is the case
that { (0,t;) : (0,fi1(t;), ..., fik—1(t;)) € Ep—1 y={ (0,%;) : (0,m1(t;),- .., mh—1(t;)) € Byt (Ek—1) }. Then,

observe that for every m=1,...,n

pr (ti)(Ep—1) = dN" (i)

/{(97ﬂ1(tj):-~~:ﬂk1(tj))€Ek1}

Bgi
dg; “ (t:)
{(0,t5):(0,21(t5) 5 sfie—1(t5)) EER_1}

Bm
/ dg; 7 (t:)
{(0,t):(0,m1 ()1 (¢5))EBG " (Br—1)}

= mlt) (B (Bi1) | BE )

implying that (6,71(t;),...,mk(t;)) is up to k-th order epistemically equivalent to (6, fu(t;), ..., fix(t;)).
Finally notice that { (H,tj) : (Q,ﬂl(t]’), ey ﬂk(tj)) € Eg }:{ (Q,tj) : (0, 7T1(tj), R ,Wk(tj)) S ﬁk_l(Ek) } for
all B C Ték which completes the proof inductively. ]
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Proof of Theorem 3. Recall from Proposition 1 that there exists a surjective function 8 : C(0 x T%) —
L(© x TY). Firstly, we show that 8(C(© x T, Frc)) C Lo(© x TY). Consider some 7 € C(6 x T, Fpc),
implying that there exists some B € § such that = € ABXT (© x TY). Then, by construction, the collection

of 7-relevant events would be of the form {B' x T¢ ..., B" x T®}, where B!,..., B® € B. Then, consider
the collection {(B'\ B?) x TC,...,(B™ \ B"™!) x T®} of Borel subsets of © x T¢, where B"*! := (),
and observe that 7((B™\ B™™) x TC | B™ x T¢) =1 for each m = 1,...,n, while at the same time

m((B*\ B") x T | B™ x T%) = 0 for each £ # m. Now, let A = B(m), and notice that

margg \"(B™ \ B"") = margg m((B™\ B | B™)
= a((B™\B™") xT¢| B™ x T°)

= 1
while at the same time

margg A™(BY\ B“1) = margg 7T((BZ \ B | B™)
= a((B°\B™) x T | B™ x T%)

= 0

which proves that 3(r) € Lo(0 x T%). Secondly, we show that for each A € Lo(0 x TC) there is some 7 €
C(OxTC, Frc) such that B(m) = X. Since A € Lo(OxTC), there exist Borel events A, ..., A, C © such that
margg A" (A;,) =1 for all m = 1,...,n, and margg A\""(A4y) = 1 for all £ # m. Now, similarly to the proof
of Proposition 1, define the partition P := {By,..., By} by By, := A\ (U#m Ag) foreachm=1,...,n—1
and B,, := A,U (@\ (B1U-- ~UBn,1)). Let the finitely generated collection B be the closure of P with respect
to union, and define By = {BL,..., B} by BT := O\ (U, Be). Now, define 7 : F x (B x T%) — [0, 1]
such that 7(E|B™ x T¢) := X"(E) for all Borel E C © x T and all m = 1,...,n. For every B € B,
consider the smallest m € {1,...,n} such that 7(Bx T¢|B™ xT) > 0, which by construction always exists.
Then, for every Borel E C T x TC, let n(E|B x T®) := n(EN (B x T®)|B™ x TY)/n(B x T®|B™ x T®).
Finally, verify that 7 € AB xT¢ (© x TY), with B, x T being the collection of m-relevant events. Therefore,
B :CO x T Frc) = Lo(O x T) is surjective. Moreover, since ABXTC(G x T¢) is Borel for each
B € §, and also §pc is countable, it follows that C(© x TC,Fc) is Borel in C(© x TC), implying that
B:C(O xTY Frc) = Lo(® x TY) is a Borel function. Recall from Proposition 3 that there exists a
homeomorphism g : T¢ — C(© x T, §rc). Therefore, X := Bog is a Borel surjective function from 7€ onto
Lo(0 x TY). In addition, every t € TC is by construction such that g(t) € C(© x T, Frc) is epistemically
equivalent with A\(t) € Lg(© x TC), implying by Theorem 2 that the C-hierarchy associated with g(t) is
epistemically equivalent with the L-hierarchy associated with S\(t) Furthermore, it follows from Theorem
1 that every L-hierarchy is the image of some t € TC, implying that for each (fi1, fia,...) € T there exists
some t € T such that (fi1(t), fi2(t),...) = (fi1, fi2, ... ). Finally, let T be a renaming of T, which completes
the proof. O
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Proof of Proposition 4. For an arbitrary Borel FF C © x T, x T, let

Ai(F) = {ti € Ti: Mi(t:) € A(Projeyr, F) },
SBi(F) = {tieT;:gt;) € SB(Projeyr, F) } -
Now, consider some t; € SB;(F'), and observe that, since g¢;(¢;) is full support, it follows from Branden-
burger et al. (2007, Prop. 3) that 8(gi(t;)) € A“‘(Projngj F), and therefore \;(t;) € A;(F). Moreover,
since © is countable, it follows that every collection of conditioning events in §r; contains only clopen
events. Therefore, it follows from Brandenburger et al. (2007, Cor. 3) that if A(t;) € .A+(Pr0je)ij F) then
ﬂ_l(x(ti)) € SB+(Pr0j@XTj F'). Hence, t; € A;(F) implies t; € SB;(F'). Therefore, since it is the case that
A;(F) = SB;(F) for all Borel events F' C © x Ty, x Ty, it follows directly that E C © x T, x T} is commonly

strongly believed at (t4,p) if and only if it is commonly assumed. O
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