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Outline of the lecture

Our main object of study is belief hierarchies.

Formally it is an infinite sequence of probability measures.

Belief hierarchies are actual objects (contrary to the types).

So far, we have started with the types.

Now, we start directly from the belief hierarchies.

First question: Can I construct a type space that induces all
the belief hierarchies? YES.

Second question: If I take a finite type space, is it a special
case of the “large” type space that I constructed above? YES.
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Up to this point

We started with epistemic model and we retrieved belief
hierarchies.
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Examples

What is this?

Blue

Red

1/2

1/2

How about the following?
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Intuition

A belief hierarchy is an infinite belief diagram.

Sometimes it starts repeating itself (see first slide).

However not all hierarchies repeat themselves.
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In this last case, it is difficult to draw them because they often
require infinitely many nodes.

So how do we model them?
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Our strategy to model belief hierarchies

Instead of writing one single belief diagram of infinite length,
we first write separately one finite belief diagram for each
order of beliefs.
Then we stitch them together.
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We just need to make sure that they are coherent with each
other. For instance, are the previous two coherent?
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Preview of results

Take all belief hierarchies that can be stitched together
without any incoherencies.

Put them one next to each other, and you will obtain a very
large belief diagram that contains all belief hierarchies (our
first question).

In case you cut a part of this belief diagram, you will get a
smaller belief diagram which is also coherent. In fact all finite
models that you can imagine can be retrieved from this very
large belief diagram (our second question).
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Formal definition

1st: π1
a ∈ ∆(

Θ0
a

)

:=

∆(

Cb

)

2nd: π2
a ∈ ∆(

Θ1
a

)

:=

∆(

Θ0
a ×∆(Θ0

b)

)

3rd: π3
a ∈ ∆(

Θ2
a

)

:=

∆(

Θ1
a ×∆(Θ1

b)

)

:=

∆(

Θ0
a ×∆(Θ0

b)︸ ︷︷ ︸
Θ1

a

×∆(Θ1
b)

)

...

(k + 1)-th: πk+1
a ∈ ∆(

Θk
a

)

:=

∆(

Θk−1
a ×∆(Θk−1

b )

)

:=

∆(

Θ0
a ×∆(Θ0

b)× · · · ×∆(Θk−2
b )︸ ︷︷ ︸

Θk−1
a

×∆(Θk−1
b )

)

...

H0
a := ∆(Θ0

a)×∆(Θ1
a)× · · · ×∆(Θk

a)× · · ·
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Coherency

Take Ann’s belief hierarchy such that:

π1
a =

(
1
2 ⊗ B; 1

2 ⊗ R
)

π2
a =

(
1
2 ⊗ (B, π1

b); 1
4 ⊗ (B, π̃1

b); 1
4 ⊗ (R, π̃1

b)
)

What is wrong with this?

Higher order beliefs should not contradict lower order beliefs.

A belief hierarchy (π1
a , π

2
a , . . . ) is coherent if for every k ≥ 0

margΘk
a
πk+2
a = πk+1

a

The set of coherent belief hierarchies is denoted by Hc
a .

Obviously Hc
a ⊆ H0

a .
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First result (Brandenburger & Dekel, 1993)

Proposition (informal statement)

(i) If a belief hierarchy of Ann is coherent, it can be uniquely
associated with a belief of hers over combinations of Bob’s
choices and belief hierarchies.

(ii) For every belief of Ann over combinations of Bob’s choices
and belief hierarchies, there is a unique belief hierarchy of hers
associated with it.
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First result (Brandenburger & Dekel, 1993)

Set of leaves: Cb × H0
b = Θ0

a ×∆(Θ0
b)×∆(Θ1

b)× · · ·
Take a belief πa ∈ ∆(Ca × H0

b) (it resembles a type)

BD (part ii): We can retrieve one hierarchy:
π1
a = margΘ0

a
πa

π2
a = margΘ0

a×∆(Θ0
b) πa

π3
a = margΘ0

a×∆(Θ0
b)×∆(Θ1

b) πa

Take a coherent belief hierarchy (π1
a , π

2
a , . . . ).

BD (part i): We can find one belief πa ∈ ∆(Ca × H0
b):

π1
a = margΘ0

a
πa

π2
a = margΘ0

a×∆(Θ0
b) πa

π3
a = margΘ0

a×∆(Θ0
b)×∆(Θ1

b) πa

Proposition (formal statement)

There exists a homeomorphism fa : Hc
a → ∆(Cb × H0

b).
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Certainty in the opponent’s coherency

Since we have associated each coherent belief hierarchy in Hc
a

with a belief in ∆(Cb ×H0
b) we can work with the latter. Why

is this useful?

Advantage: A belief πa ∈ ∆(Cb × H0
b) expresses Ann’s

beliefs about Bob’s entire belief hierarchies, whereas
(π1

a , π
2
a , . . . ) ∈ Hc

a only expresses Ann’s beliefs about Bob’s
(finite) orders of beliefs.

Observation: Since πa ∈ ∆(Cb × H0
b), Ann may believe that

Bob’s belief hierarchy is incoherent. Why?

We want to rule this out.
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Common certainty in coherency

Additional restrictions: Ann believes that
Bob is coherent
Bob believes that Ann is coherent
Bob believes that Ann believes that he is coherent
and so on

We can express these conditions using BD’s result.

H1
a := {ha ∈ Hc

a : fa(ha)(Cb × Hc
b ) = 1}

H2
a := {ha ∈ Hc

a : fa(ha)(Cb × H1
b) = 1}

...

Hk
a := {ha ∈ Hc

a : fa(ha)(Cb × Hk−1
b ) = 1}

...

Common certainty in coherency: Ha :=
∞⋂
k=1

Hk
a
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Main result (Brandenburger & Dekel, 1993)

Theorem (informal statement)

(i) If a belief hierarchy of Ann satisfies common certainty in
coherency, it can be uniquely associated with a belief of hers
over combinations of Bob’s choices and belief hierarchies that
satisfy common certainty in coherency.

(ii) For every belief of Ann over combinations of Bob’s choices and
belief hierarchies that satisfy common certainty in coherency,
there is a unique belief hierarchy of hers that satisfies common
certainty in coherency and is associated with it.
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Main result (Brandenburger & Dekel, 1993)

Take a belief πa ∈ ∆(Ca × Hb) (it resembles a type)
BD (part ii): We can retrieve one hierarchy in Ha:

π1
a = margΘ0

a
πa

π2
a = margΘ0

a×∆(Θ0
b) πa

π3
a = margΘ0

a×∆(Θ0
b)×∆(Θ1

b) πa

Take a coherent belief hierarchy (π1
a , π

2
a , . . . ) ∈ Ha.

BD (part i): We can find one belief πa ∈ ∆(Ca × Hb):

π1
a = margΘ0

a
πa

π2
a = margΘ0

a×∆(Θ0
b) πa

π3
a = margΘ0

a×∆(Θ0
b)×∆(Θ1

b) πa

Theorem (formal statement)

There exists a homeomorphism ga : Ha → ∆(Cb × Hb).

Implication: (Ha,Hb, ga, gb) can be seen as a type space
inducing all belief hierarchies that satisfy common certainty in
coherency. It is called universal type space.
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From type spaces to belief hierarchies

Previously we constructed a type space that encompasses all
belief hierarchies that satisfy common certainty in coherency.

First question: What is the relationship between the
universal type space and any (finite) type space?

Second question: If we take an arbitrary type space, do we
obtain belief hierarchies that satisfy common certainty in
coherency?

If yes, then any type space can be embedded in the universal
type space (via what we call a “type morphism”).
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From types to belief hierarchies

Take a finite type space (Ta,Tb, ba, bb).

A type ta ∈ Ta is associated with
(
π1
a(ta), π2

a(ta), . . .
)
:

π1
a(ta)(cb) := ba(ta)

(
{(c ′b, t′b) ∈ Cb × Tb : c ′b = cb}

)
π2
a(ta)(cb, π

1
b) := ba(ta)

(
{(c ′b, t′b) ∈ Cb × Tb : (c ′b, π

1
b(t
′
b)) = (cb, π

1
b)}

)
π3
a(ta)(cb, π

1
b, π

2
b) := ba(ta)

(
{(c ′b, t′b) ∈ Cb × Tb : (c ′b, π

1
b(t
′
b), π

2
b(t
′
b)) = (cb, π

1
b, π

2
b)}

)
...
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Coherency and common certainty in coherency

Proposition(
π1
a(ta), π2

a(ta), . . .
)
∈ Ha for every ta ∈ Ta.

Proof.

It suffices to prove
(
π1
a(ta), π2

a(ta), . . .
)
∈ Hc

a for all ta ∈ Ta. Why?

margΘk
b
πk+2
a (ta)(cb, π

1
b, . . . , π

k
b )

= πk+2
a (ta)({cb, π1

b, . . . , π
k
b} ×∆(Θk

b))

= ba(ta)
(
{(c ′b, t ′b) : (c ′b, π

1
b(t ′b), . . . , πk

b (t ′b)) = (cb, π
1
b, . . . , π

k
b )}
)

= πk+1
a (ta)(cb, π

1
b, . . . , π

k
b ).
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b(t ′b), . . . , πk

b (t ′b)) = (cb, π
1
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Embedding via type morphisms

Since every ta ∈ Ta satisfies common certainty in coherency,
there exists a unique (π1

a , π
2
a , . . . ) ∈ Ha such that(

π1
a(ta), π2

a(ta), . . .
)

= (π1
a , π

2
a , . . . )

Why is this the case?

Therefore, we define the function (type morphism)
φa : Ta → Ha that embeds the finite type space in the
universal type space.

This means that whenever we work with finite type spaces, we
essentially work in a subset of the universal type space.
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Terminology

A type space is terminal if for every (π1
a , π

2
a , . . . ) ∈ Ha there

is some ta ∈ Ta such that
(
π1
a(ta), π2

a(ta), . . .
)

= (π1
a , π

2
a , . . . ).

A type space is complete if for every πa ∈ ∆(Cb × Tb) there
is some ta ∈ Ta such that ba(ta) = πa.
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Questions???
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